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1. Introduction

Supercharacters were introduced by Diaconis and Isaacs in 2008 [6] as a general-
ization of André’s basic characters [1,2,3]. Recent work has expressed many expo-
nential sums as values of various supercharacter theories arising from the action of
subroups of GL4(Z/nZ) on (Z/nZ)% [4,5,9,10,11]. We investigate the supercharacter
theory in [4] arising from the action of GL2(F,) on (F,)? whose values correspond
to Kloosterman sums. We then use the resulting supercharacter table and a result
of Williams [20] to express fourth degree mixed Kloosterman moments in terms of
the trace of Frobenius of an elliptic curve.

Fix a prime p. To each a € F,, there corresponds an additive character i, of I,
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defined by

vt = (%), (1)

where e(x) = exp(2miz). The Kloosterman sum corresponding to the additive char-
acters 1, and 1y, is the character sum defined by
K (tha, ) = Z Ya(t)bp(t). (12)
te(Fp)
Define K(a) = K(¢q,%1). Then we call
K(t)" (1.3)
te(Fp) >
the nth power moment of Kloosterman sums. Elementary methods in automorphic

forms [14,18] are used to derive the following:

Vi(p) =1, (1.4)
Va(p) =p* —p—1, (1.5)
Va(p) = (5) p* +2p+ 1, (1.6)
Va(p) = 2p° = 3p° = 3p—1, (1.7)

where (-) in (1.6) is the Legendre symbol. For Vs(p), it can be shown [16,17] that

Vs(p) = (g) 4p® + (cp+ 5)p° 4+ 4p+ 1

for p > 5, where ¢, is an integer with |¢,| < 2p. Moreover, [12] shows that Vg(p) for

p > T 1is given by
Vs(p) = 5p* — 10p® — (b, + 9)p* — 5p — 1,

where b, is the integer with |b,] < 2p3/2 defined as the p-th Fourier coeffi-
cient in the Fourier expansion of the newform of weight 4, level 6 given by
(n(2)n(22)n(32)n(62))?, where 7 is the Dedekind eta function. Evans [7,8] conjec-
tured and provided substantial numerical evidence for an evaluation of V7(p) in
terms of Hecke eigenvalues of a weight-3 newform of T'(525) with quartic nebenty-

pus of conductor 105, as well as a conjecture for an evaluation of Vz(p) in terms of
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Hecke eigenvalues of a weight-6 newform on I'g(6) with trivial nebentypus. These
conjectures were proved by Yun [21].
Kutzko derived the following in [15]:

S K (K (at)K(bt) = (W) P2+ 2p, (1.8)

te(Fp) >
where (i, j, k) = % + j2 + k? — 2ij — 25k — 2ik. This identity was rederived using
supercharacters in [4,9]. Our main result concerns the fourth-degree mized moments,

> K(H)K(at)K(bt)K (ct),

te(ly)

where a,b,c € (Fp)*. We use the machinery developed in [4,9] to show

S KWK (at) KK (ct) = Ga1dyep® — (6bc)ap +2)p2 —3p—1,  (19)
te(Fp)>

where ¢ is the Legendre character and a, is the trace of Frobenius of the elliptic

curve

9 9 A a
y: = m(x + @x + %)

over F, with A = 4(b—¢)? —8(a+1)(b+c) +4(a—1)?, provided that a,b,c € (F,)*
such that if b+ ¢ = a + 1(mod p), then (b—c)? # (a — 1)?(mod p). We also require
that t2 — 2(a + 1)t + (a — 1)? and t? — 2(b + ¢)t + (b — ¢)? have no common r00t
modulo p.

In Section 2, we give a brief overview of the supercharacter theory of [4], while
slightly extending the underlying group to G = R", where r > 1 is a positive integer

and R is a finite commutative ring with identity. Our main theorem is proved in

Section 3.

2. Supercharacter Theories on G = R"

This section provides a brief background on supercharacter theories and primarily

follows [4].

Definition 2.1 (Diaconis-Isaacs [6]). Let G be a finite group, X a partition of

the set IrrG of irreducible characters of G, and let Y a partition of G. The ordered
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pair (X,)) is a supercharacter theory if the following conditions are satisfied:

(i) Y contains {0}, where 0 is the identity in G.

(i) |X| = V.

(iii) For every X € X, the character ox =}, ¥(0)y is constant on each
Yey.
The characters ox are called supercharacters and the elements of Y are called su-

perclasses.

Our goal is to describe a certain class of supercharacter theories on G = R",
where r > 1 is a positive integer and R is a finite commutative ring with multiplica-
tive identity 1 = 1. The technique presented here depends on a choice of subgroup
T of the group GL,(R) of invertible r x r matrices with entries in R. We remark
that this technique, in a slightly different context, was first described in [4].

Being a finite abelian group, R is isomorphic to the group R of additive charac-
ters of R. For each ¢ € ﬁ, we let 1, denote the image of x under a fixed isomorphism
R — R. An element ¢ € R is called a generating character if Uz (y) = Y(xy) for all
characters ¢, € R. Throughout this section, we assume R has a generating charac-
ter ¢. It turns out that such a generating character ¢ induces a natural generating

character ¥ on G, which is defined by setting

U(x1,x,...,2q4) = P(x1)(x2) - Y(xq) (2.1)
for each tuple (x1,x9,...,24) € G. We remark that that for each pair of elements
x = (x1,x2,...,2q) and y = (y1, Y2, ..., Yd), we have

Un(y) = U(xy) = ¥(xy), (2.2)

where X -y = x1y1 + Tay2 + - - + xqyq and Xy = (1Y1, T2Y2, - - -, Tdld)-

We let T" be a subgroup GL,.(R) that is invariant under the transpose operation.
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The subgroup I' acts on G by U2 = W, r, where A~T denotes the inverse transpose
of A. Note that this defines a group action since W28 = (U2)4. We will let X' denote
the corresponding set of orbits in G.In addition, we let ) denote the set of orbits in
G induced by the action of I' on G given by left multiplication: (A4,y) — y4 = Ay.
One has U2 (y4) = U, (y). A result of Brauer ([13],Thm. 6.3.2, Cor. 6.33) implies

that X and ) contain the same number of orbits. Consequently, one defines
N=1X|=1)| (2.3)

We will identify each character ¥, € G with the corresponding element x € GG
so that each orbit X € X is stable under the action of I' given by (4,x) — A~ Tx.
With this convention, we define a character ox corresponding to the orbit X € X
by setting

ox(y) =Y Uxly) =D v(x-y). (24)
xEX xeX
These characters are class functions. In fact, if y’ = Ay for some A € T, then

ox(y) =Y ¢(x-Ay) =Y ¢(ATx-y)= > v -y)=ox(y).  (25)

x€X x€eX x'€X

The fact that ) contains the trivial orbit, together with (2.3) and (2.5), imply
that the pair (X,)) is a supercharacter theory on G.

Lastly, we identify any set X in X with the set of vectors {x : ¥x € X}. With
this identification, we have X = ). We will therefore continue the convention in [4]
and regard the elements of X' as superclasses. If Y is a superclass and y € Y, then
we often write ox (YY) in place of ox(y) since ox is constant on superclasses.

We now give an overview of important results from [4], which hold in this slightly
new context. We refer the reader to [4] for detailed proofs. To begin, we let L?(G)
denote the set of complex-valued functions on G, which is endowed with the inner
product

(f,9) = Fx)g(x). (2.6)

xeG
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Fix an enumeration Xq, Xo,..., Xy of X = ) and let 01,09,...,0n denote the
corresponding supercharacters. The irreducible characters (1.1) form an orthogonal

set with respect to (-, -), which implies
(01,05) = 815 D (s Ux) = |RI"|Xl351. (2.7)

xeX;

On the other hand,
—_— N S —
(0i,05) =D 0i(x)a;(x) = Y | Xeloi(Xe)o; (Xe) (2.8)
xeG £=1

since the supercharacters are class functions. In particular, (2.7) and (2.8) together

imply the unitarity of

1 Ui(Xj)\/|Xj|]N ' (2.9)
VIR[" VX

Lemma 2.2 ( [4], Lemma 1). The unitary matriz given in (2.9) satisfies the

1,j=1

following.

(a) U=UT

(b) U? = P, where P denotes the permuation matriz that interchanges positions i

and j whenever X; = —X; and fizes position i whenever X; = —X;.

(c) Ut=1.

Theorem 2.3 ( [4], Theorem 2). Let R and T' be as above. In addition, let
01,...,0nN denote the supercharacters corresponding to the superclasses X1, ..., X,.
For each fized element z € Xy, we let A;;j denote the number of solutions

(x1,y5) € Xi x X to the equation x +y = z.

(a) A; ji is independent of the representative z in X, which is chosen
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N
(b) The identity o;(X,)o;(X,) = ZA’J k0, (X¢) holds for 1 <i,7,k £ < N.
k=1
(¢) The matrices Ty, ..., TN, whose entries are given by
kv [ Xkl
[Tl = Lig 1 X}
| X

each satisfy T;U = UD;, where D; = diag (O'Z'(Xl),O'i(XQ), .. .,O'i(XN)).

(d) Each matriz T; is normal and the set {T1,...,Tn} forms a basis for the algebra
A of all N x N matrices T such that U*TU is diagonal.

We now take R = [F,. In this case, R has generating character i defined by

¥(a) :e(M). (2.10)

p
If ¢ = p, then the field trace tr : F, — F, is the identity map and (2.4) reduces

to the supercharacters as seen in [4]. Arising in this way are several interesting
exponential sums from number theory (e.g. Gauss, Kloosterman, Heilbronn, etc.)
to which we refer the reader [4,5,9,10,11]. In this paper, we focus on a rather simple

supercharacter theory on (F,)?2.

Example 2.4 (Kloosterman Sums).

Let r = 2. Consider the symmetric subgroup
z 0
r={ cxe ()"}
01
of GLa(FF,). There are p — 1 non-trivial ['-orbits in (F,)? defined by
X(a)={(at,t™") 1t € (F)*} (a€ (Fy)™).

In addition, there are trivial orbits X1 = {(a,0) : a € (Fg)*}, Xo = {(0,a) : a €
(Fg)*} and X3 = {(0,0)}. If a,b € (Fy)*, then
[(tab+t!
0X(a Z e( ])
te(Fy)*

= K(Yab, V1)
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3. Fourth-Degree Sums

We continue to work with the supercharacter theory of Example 2.4. However, we
will agree to work over IF,, in order to simplify notation. We observe that D; is the
diagonal matrix
diag(ai (X(1)),04(X(2)),...,0x,(X(p— 1)), 0x,(X1), ..., 0x, (Xg)),
where the entries are given in Example 2.4. In particular, if 1 <i < p—1, then
D; = diag(K(i),K(zi), LK ((p—1)i),—1,-1,p — 1). (3.1)

In addition,

[ K(1) K(2) K(p-1) -1 -1 p—l_

K2 K@) - KQp-1) -1 -1 p-1

U=g¢' | K(p—1) K2p-1) - K((p-1?%)| -1 -1 p—1
-1 -1 -1 -1 p—-14p—-1

-1 -1 -1 p—1 -1 p—1
V-1 Vp—1 V=T |[Vp—Tvp-1 1 |

Begin by fixing ¢ € (F,)*. The integer A, . denotes the number of solutions
(Xa,¥p) € X(a) x X(b) to the equation x, +y, = (¢, 1), which by Example 2.4 is

equivalent to
at + bs = ¢,
tTl+s =1,

Note that we necessarily have ¢t # 1. Solving for s in the second equation and

substituting into the first equation implies
at? + (b—a—c)t+c=0.
Therefore,

Aa7b,c =1+ (b(ﬁ(av ba C)>7
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where
B(i, 4, k) =% + 52 + k? — 2ij — 2ik — 2jk (3.4)
is the discriminant of quadratic (3.2). An important observation is that S(a, b, ¢) is

invariant under permuations. The entries (3.3) account for the upper-left (p — 1) x

(p — 1) block of T,. In particular, we have

Aa,l,l Aa,1,2 e Aa,l,a e Aa,l,pfl 11 0
Aa,2,1 Aa,2,2 e Aa,2,a e Aa,Z,pfl 11 0
Aa,a,l Aa,a,2 e Aa,a,a o Aa,a,p—l 00 D= 1
T, =
Aa,p—l,l Aa,p—l,Q e Aa,p—l,a e Aa,p—l,p—l 11 0
1 1 e 0 e 1 01 0
1 1 e 0 e 1 10 O
| 0 0 e y/p—1 -+ 0 00 0 |
One may verify that if a, b, c € (F,)*, then
[ToTp)1.c = pla,b,c) +2(1 — 3g,1)(1 — 0p.c) + (p — 1)0a.10p.c (3.5)
where d; ; denotes the delta function and
p—1
p(CL, b, C) = Z Aa,l}ZAb,QK (3.6)
=1
One readily verifies the following.
Lemma 3.1. Suppose a,b € (F,)*. Then
S Aabr=p—3+0as. (3.7)

te(Fp)*

Lemma 3.2. Let ai,aq,...,a,-1 € (Fp)* and denote A =p — 1.

(a) If a,, € (F,)*, then

3 KKK (ast) - K(ant) = p? [TMTM o Ta | 21" A
te(F,) o



10 Chdvez and Todd

(b) If a,, = p,p+ 1, then

> KWK (@)K (at) - K(an-t) = =p* T Ty -+ Tay | N+ (<1)"A+ (1)

te(Fp)*

(c) If a, = p+ 2, then

> K@K (@)K (azt) -+ K (an 1) = pPA" 2 [Ty Ty T, | e D

te(Fp,)>

Proof. Each formula comes from comparing the (1,a,)-entry of the matrix
UDgy, Dq, -+ D,, _,U* with the (1,a,)-entry of Ty, Ty, -+ Ty, _,. For brevity, we
denote A\ = p — 1. Noting that U is real-valued, one can compute the a'! 0 column of

Dy, Dy, -+ D, ,U* by taking an entry-wise product of the vector
[K(a1)-- K(an-1), ..., K(Xa1)... K(Aan—1), (=) (=) )\"_1]
with the at? row of U. The identities follow. D

This gives us the following identities for the n-th power moment of Kloosterman

sums.
Corollary 3.3.
Va(p) = p* (L)1 7% +2(-1)" "' = (p— )"

We use Lemma 3.2 to derive a closed-form for mixed fourth-degree moments.

First, we recall a result of Williams [19,20]:
ZF( (af? + bt + ) (A + Bt + €)' ) = ZF + > F()s(Da* + At + D)
¢

(3.8)
where F' is any p-periodic complex-valued function defined on Z and A, B,C,a,b,c €
Z such that A # 0 (mod p) and A2—4DD’ # 0 (mod p), and if aB—bA = 0(mod p)
then aC — cA # 0(modp). We also require that at? + bt + ¢ and At?> + Bt + C do

not have a common root modulo p. Here, we have defined

D = B? — 4AC, A = 4aC — 2Bb + 4cA, D' =b? — 4ac. (3.9)

AnL

- F(a/A),



Supercharacters and Mized Moments of Kloosterman Sums 11

We remark that (-)~! denotes the inverse modulo p and also that the sums appearing

n (3.8) are taken over F,,.

Theorem 3.4. Suppose a,b,c € (Fp)* such that if b+ ¢ = a + 1(mod p), then
(b —¢)* £ (a — 1)%(mod p). We also require that t> — 2(a + 1)t + (a — 1)? and

t2 —2(b+ ¢)t + (b — ¢)? have no common root modulo p. Then

3 KK (at)K (b)K(ct) = 641000 — (qb(bc)ap + 2)p2 “3p—1, (3.10)
te(Fy) >

where a, is the trace of Frobenius of the elliptic curve

y2:a:( Jr% erc)

over F,, with A =4(b—¢)*> —8(a+1)(b+c) +4(a — 1)%

Proof. By Lemma 3.2, it remains only to simplify expression (3.5). To this end,

we observe
pla,b,c)=p—1+ Z [qﬁ (a,1,t) +q§( bct } Z ¢<ﬁa,1,t (b,c,t)).
te(Fp)> te(Fp) >
(3.11)
Using the following elementary result
(p—1)p(A) BZ—-4AC =0
> G(At?+ Bt+C) = (3.12)
tel, —¢p(A) B2 —4AC #0,
we have
(p—1)o(1) 16a =0
> 6(Bla,1,1)) (3.13)

teF, —¢(1) 16a # 0.

Since p is odd and a # 0, we have 16a # 0. This implies

> 6(Ba,1,) = —1-¢((a—1)*) = ~2+ 0.

te(Fp)*

Similarly, we observe that 3(b,c,t) = t? — 2(b+ c)t + (b — ¢)?, and we obtain

> 6(Bbiet)) =2+

te(Fp) >
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Taking F = ¢ in (3.8) implies

> ¢(ﬂ(a,1,t)5(b,c,t)) = > ¢((t2 —2(a+1)t+ (a—1)) (£ —2(b+c)t+(b—c)2))

te(Fp) te(Fp)

—1+ Y 6(Df+ A+ D't),
te(F,)

which gives that

3 ¢>(5(a, 1,1)8(b,c, t)) =1+ Y ¢(D + A2+ D't) — $(B(a, 1,0)5(b,¢,0))
te(Fp)

te(lFp) >

=—14+ Y oD+ A2+ D't) = (1= 6a1)(1 — )
te(Fp)

provided that if b + ¢ = a + 1(modp) then (b — ¢)? # (a — 1)?(modp), the two
quadratics share no roots modulo p, and where D = 16bc, D’ = 16a, and A =

4(b—c)? —8(a+1)(b+c) + 4(a —1)2. This completes the proof. O
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