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Abstract

We provide a conjectural characterization for Fq(t)-linear relations between multizeta values
and for the dimensions of their fixed-weight Fq(t) span, as well as many new parameterized
families of relations. These two conjectures provide the function field analog of the conjec-
tures provide by Zagier and others. In contrast to the classical case which uses regularized
stuffle and shuffle products to produce relations, we will posit that all relations in the func-
tion field setting can be generated from a single relation in weight q from Thakur’s stuffle
product. We also prove many of the currently existing relations in the literature in this
setting.

1. Introduction

There exist two products on the Q-span of classical multizeta values, the shuffle product
and the stuffle product, from which Q-linear relations can be derived. It has been conjectured
that the regularization of this process accounts for all such linear relations (see [1], [2]).

Recent research in the function field case has investigated multizeta values in positive
characteristic (See [3] and [4] for a survey of recent results.). Although the function field
case does not have two products, we will define two parameterized families of maps between
the space of power sum relations. We will posit that these two families of maps, along with
one relation, describes all relations. As in the classical case, we restrict our attention to the
Fq(t)-span of multizeta values of fixed-weight since it is not expected that there are relations
between multizeta values of differing weights [5].

We also provide the following conjecture for the dimension of the span of fixed-weight

multizeta values in positive characteristic. Let gk = dim
(

SpanFq(t)(MZV’s of weight k)
)

,

then

gk =


2k−1 if 1 ≤ k < q

2k−1 − 1 if k = q
q∑

i=1

gk−i if k > q.
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Compare this with Zagier’s conjecture for the classical multizeta values: dk = dk−2 + dk−3
(see [2]).

We also provide a theorem which shows that the two conjectures in the function field
setting are equivalent for all q and weights k with 1 ≤ k ≤ max(q + 3, 11).

2. Notation

We fix some notation.

q = a power of a prime p

A = Fq[t]

A+ = monics in A

A≤d = elements of A of degree at most d

Ad+ = monics in A of degree exactly d

K = Fq(t)

K∞ = Fq((1/t)) = completion of K at ∞
[n] = tq

n − t

ln =
n∏

i=1

(t− tqi)

Ln = (−1)nln

Dn =
n−1∏
i=0

(tq
n − tqi)

3. Multizeta Values

For integers d ≥ 0 and s > 0, we define the power sum Sd(s) by

Sd(s) =
∑
a∈A+

deg(a)=d

1

as
∈ K.

Fix a positive integer w and let s1, . . . , sr be positive integers such that
∑
si = w. Then we

call (s1, . . . , sr) a composition of w. Let V = (s1, . . . , sr) be a composition of w, then we
define the multizeta value ζ(V ) = ζ(s1, . . . , sr) as

ζ(V ) = ζ(s1, . . . , sr) =
∑

d1>···>dr≥0

Sd1(s1) · · ·Sdr(sr) ∈ K∞.

We will frequently say that ζ(V ) has depth r and weight
∑
si. Strictly speaking, depth and

weight are really properties of V rather than ζ(V ). The weight and depth, then, are possibly
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not unique to a multizeta value. As in the classical case, it is conjectured that there are no
relations between multizeta values of differing weights. We also define

Sd(V ) = Sd(s1, . . . , sr) =
∑

d=d1>···>dr≥0
deg(ai)=di

1

as11 · · · asrr
∈ K.

Then we have

ζ(V ) =
∞∑
d=0

Sd(V ) ∈ K∞.

We define S<d(V ) by

S<d(V ) =
d−1∑
i=0

Si(V )

so that
Sd(s1, . . . , sr) = Sd(s1)S<d(s2, . . . , sr).

Finally, we extend the definition of Sd(V ) to any integer d by defining empty sums to be
zero and empty products to be unity. Thus

Sd(s1, . . . , sr) = 0, d ∈ Z, d < r − 1.

We now introduce some results of Carlitz and Thakur concerning power sums which we will
use frequently (see [6], [5], and [7]). With

(
x
qd

)
defined as(

x

qd

)
=

∏
a∈A

deg(a)<d

(x+ a)/Dd,

Carlitz derived the first generating function and Thakur derived the second:

x

ld(1−
(
x
qd

)
)

=
∞∑
k=1

Sd(k)xk, d ≥ 1 (3.1)

x

ld
(
x
qd

) = 1 +
∑
k>0
q−1|k

S<d(k)xk, d ≥ 1. (3.2)

Thus, we get formulas (although complicated) for the power sums

Sd(k + 1) =
1

lk+1
d

∑
∑d

i=0 kiq
i=k

ki≥0

(∑
ki
ki

) d∏
i=1

(ld/ld−i)
qiki

Dki
i

, k ≥ 0.
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The following special cases will be used frequently and are derived in [5]:

Sd(a) =
1

lad
, if a ≤ q, d ≥ 0 (3.3)

Sd(q + b) =
1

lq+b
d

(
1− b [d]q

[1]

)
, if 1 ≤ b < q, d ≥ 0 (3.4)

S<d(m(q − 1)) =

(
[d]

[1]lq−1d−1

)m

, if m ≤ q, d ≥ 1 (3.5)

S<d(q
i − 1) =

(
ld+i−1

lil
qi

d−1

)
, d ≥ 1. (3.6)

The following product formula for the power sums is due to Chen (See [3], [4]):

Theorem 3.7.

Sd(a)Sd(b) = Sd(a+ b) +
∑
j

(
(−1)a−1

(
j − 1

a− 1

)
+ (−1)b−1

(
j − 1

b− 1

))
Sd(a+ b− j, j)

where the sum is over all j such that q − 1 | j and 0 < j < a+ b.

Beginning with this product for the product of two power sums of depth 1, we can define
the product of two power sums of arbitrary depth. The following is proved in [8].

Theorem 3.8 (Thakur). Let Sd(a1, . . . , ar) and Sd(b1, . . . , bk) be power sums of weight
∑
ai

and
∑
bj and depth r and k, respectively, then

Sd(a1, . . . , ar)Sd(b1, . . . , bk) =
∑
i

fiSd(ci1, . . . , cimi
)

with fi ∈ Fp, cij and mi independent of d,
∑
ai +

∑
bj =

∑
j cij for each i, and mi ≤ r + k

for each i.

Thus the product of two multizeta values is an Fp-linear combination of multizeta values,
turning the Fp-span of all multizeta values into an algebra. A simple corollary of Theorem 3.8
is:

Corollary 3.9. Let S<d(a1, . . . , ar) and S<d(b1, . . . , bk) be sums of power sums of weight∑
ai and

∑
bj and depth r and k, respectively, then

S<d(a1, . . . , ar)S<d(b1, . . . , bk) =
∑
i

giS<d(ei1, . . . , eimi
)

with gi ∈ Fp, eij and mi independent of d,
∑
ai +

∑
bj =

∑
j eij for each i, and mi ≤ r + k

for each i.
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In light of the classical case of both a shuffle and stuff product, the product resulting from
Theorem 3.7 might be emphasized with suggestive notation such as Sd(a) ∗ Sd(b). However,
as there is no known analogue of the shuffle product for Thakur multizeta values, it will
be understood that when we wish to write Sd(a)Sd(b) as an Fp-linear combination of power
sums, this product will be used.

We seek a characterization of Fq(t)-linear relations between multizeta values. As exam-
ples, the following are proved in [5]:

Theorem 3.10 (Thakur). For any q we have

ζ(m,m(q − 1)) = ζ(mq)/lm1 ,m ≤ q (3.11)

ζ(1, q2 − 1) = ζ(q2)(1/l2 + 1/l1). (3.12)

Fix a positive integer k. We introduce the vector space of relations between multizeta
values of weight k and we attempt to identify a spanning set for these spaces. Let Zk be the
K-span of the multizeta values of weight k and let {V1, . . . , V2k−1} be a fixed ordering of the
2k−1 compositions of k. Then we define a subset of K2k−1

, the space of relations between
multizeta values of weight k, by:

Rk =

(r1, . . . , r2k−1) ∈ K2k−1

:
2k−1∑
i=1

riζ(Vi) = 0

 .

Note that dim(Zk) + dim(Rk) = 2k−1. We define two subsets of Rk as follows: the space of
fixed relations, Fk:

Fk =

(r1, . . . , r2k−1) ∈ Rk :
2k−1∑
i=1

riSd(Vi) = 0, for all d ∈ Z


and the space of binary relations, Nk:

Nk =
{

(r1, . . . , r2k−1) ∈ Rk : there exist ai, bi with ai + bi = ri,

2k−1∑
i=1

aiSd(Vi) + biSd+1(Vi) = 0, for all d ∈ Z
}
.

Note that these are both K-vector spaces with Fk ⊂ Nk ⊆ Rk. We will motivate the
necessity of the complexity in the definitions of Nk which allows terms in the relation between
the power sums that do not appear in the relation between the multizeta values. Essentially,
the extension of a relation between multizeta values to power sums is not always obvious
and, in general, not unique. We give an example.

Example 3.13. For q = 2, we have the relation, proved in [5]:

(l1 + l2)ζ(4) + l1l2ζ(1, 3) = 0. (3.14)
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It is easily verified using (3.3) - (3.6) that:

l1Sd(4) + l2Sd+1(4) + l1l2Sd+2(1, 3) = 0, for all d ∈ Z (3.15)

and

l1Sd(4) + l2Sd(4) + l21Sd+1(2, 2) + l21Sd(2, 2) + l1l2Sd+1(1, 3) = 0, for all d ∈ Z. (3.16)

Both (3.15) and (3.16) give the relation (3.14) when summed over all d, but we cannot
conclude from (3.15) that the relation associated to (3.14) is fixed, but it does follow from
(3.16).

Because relations between multizeta values do not always extend uniquely to relations
between power sums, it makes defining maps on these spaces problematic. We introduce the
vector space of relations between power sums, which will somewhat remedy this situation.
Define the space of relations between power sums of weight k by:

Pk =

(a1, . . . , a2k−1 , b1, . . . , b2k−1) ∈ K2k :
2k−1∑
i=1

aiSd(Vi) +
2k−1∑
i=1

biSd+1(Vi) = 0, for all d ∈ Z

 .

There is an obvious K-linear map from Pk to Rk, Ik : Pk → Rk given by

Ik((a1, . . . , a2k−1 , b1, . . . , b2k−1)) = (a1 + b1, . . . , a2k−1 + b2k−1).

Note that the image of Ik is actually in Nk. If for (a1, . . . , a2k−1 , b1, . . . , b2k−1) ∈ Pk either
ai = 0 for all i or bi = 0 for all i, then the image of this element under Ik is in Fk. As a
notational convenience, if R ∈ Pk, we define R = Ik(R) ∈ Rk.

We now define several families of maps between the K vector spaces just discussed.
These maps will be parameterized by compositions. First, we define a map from Pk to Pk+w

whose image under Ik+w is in Fk+w (that is, a map that always results in a fixed relation).

Definition 3.17. Let W = (w1, . . . , wr) be a composition of w. Define a map

BW : Pk → Pk+w

as follows. Let R = (a1, . . . , a2k−1 , b1, . . . , b2k−1) ∈ Pk. Then2k−1∑
i=1

aiSd(Vi)

+

2k−1∑
i=1

biSd+1(Vi)

 = 0, for all d ∈ Z.

Fix a D ∈ Z and let {U1, . . . , U2k+w−1} be a fixed ordering of the 2k+w−1 compositions of
k + w. By Theorem 3.8 and Corollary 3.9, we have

0 = SD(W )
∑
d<D

2k−1∑
i=1

aiSd(Vi) +
2k−1∑
i=1

biSd+1(Vi)

 =
2k+w−1∑
i=1

ciSD(Ui),

for some ci ∈ K. We define BW (R) = (c1, . . . , c2k+w−1 , 0, . . . , 0). Note that for all R ∈ Pk,
BW (R) ∈ Fk+w and BW is a K-linear map.
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Example 3.18. Fix q = 2. From [5] we have the relation ζ(2) + l1ζ(1, 1) = 0, which is a
binary relation since

Sd(2) + l1Sd+1(1, 1) = 0.

Denoting the associated vector in P2 by R1 we calculate B(2,1)(R1):

Sd(2, 1)
∑
i<d

(Si(2) + l1Si+1(1, 1))

= Sd(2, 1) (S<d(2) + l1S<d(1, 1) + l1Sd(1, 1))

= (Sd(2)S<d(1)S<d(2)) + l1 (Sd(2)S<d(1)S<d(1, 1)) + l1 (Sd(2)Sd(1)S<d(1)S<d(1))

= Sd(2) (S<d(1, 2) + S<d(3)) + l1Sd(2) (S<d(1, 1, 1) + S<d(2, 1) + S<d(1, 2))

+ l1(Sd(2)Sd(1))(S<d(1)S<d(1))

= Sd(2, 1, 2) + Sd(2, 3) + l1(Sd(2, 1, 1, 1) + Sd(2, 2, 1) + Sd(2, 1, 2))

+ l1(Sd(3) + Sd(2, 1))S<d(2)

= Sd(2, 1, 2) + Sd(2, 3) + l1Sd(2, 1, 1, 1) + l1Sd(2, 2, 1) + l1Sd(2, 1, 2) + l1Sd(3, 2)

+ l1Sd(2, 1)S<d(2)

= Sd(2, 1, 2) + Sd(2, 3) + l1Sd(2, 1, 1, 1) + l1Sd(2, 2, 1) + l1Sd(2, 1, 2) + l1Sd(3, 2)

+ l1Sd(2)S<d(1)S<d(2)

= Sd(2, 1, 2) + Sd(2, 3) + l1Sd(2, 1, 1, 1) + l1Sd(2, 2, 1) + l1Sd(2, 1, 2) + l1Sd(3, 2)

+ l1Sd(2)(S<d(1, 2) + S<d(3))

= Sd(2, 1, 2) + Sd(2, 3) + l1Sd(2, 1, 1, 1) + l1Sd(2, 2, 1) + l1Sd(2, 1, 2) + l1Sd(3, 2)

+ l1Sd(2, 1, 2) + l1Sd(2, 3).

So we see that B(2,1)(R1) is the relation associated to

ζ(2, 1, 2) + (l1 + 1)ζ(2, 3) + l1ζ(2, 1, 1, 1) + l1ζ(2, 2, 1) + l1ζ(3, 2) + l1ζ(2, 1, 2) = 0.

3.1. C Map
Definition 3.19. Let W = (w1, . . . , wr) be a composition of w, then we define a map CW

CW : Pk → Pk+w

as follows. Let R = (a1, . . . , a2k−1 , b1, . . . , b2k−1) ∈ Pk. Then2k−1∑
i=1

aiSd(Vi)

+

2k−1∑
i=1

biSd+1(Vi)

 = 0, for all d ∈ Z.

Let {U1, . . . , U2k+w−1} be a fixed ordering of the 2k+w−1 compositions of k + w. By Theo-
rem 3.8 and Corollary 3.9, we have

0 = S<d+1(W )

2k−1∑
i=1

aiSd(Vi) +
2k−1∑
i=1

biSd+1(Vi)

 =

2k+w−1∑
i=1

ciSd(Ui)

+

2k+w−1∑
i=1

diSd+1(Ui)

 ,

for some ci, di ∈ K. We define CW (R) = (c1, . . . , c2k+w−1 , d1, . . . , d2k+w−1). Note that CW is a
K-linear map.
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3.2. Maps B∗ and C∗

We define iterated versions of the maps B and C. These maps are particularly useful in
describing fixed relations that are short in length.

Definition 3.20. Let W = (w1, . . . , wr) be a composition of w. Define B∗W by

B∗W = Bw1 ◦Bw2 ◦ · · · ◦Bwr .

Definition 3.21. Let W = (w1, . . . , wr) be a composition of w. Define C∗W by

C∗W = Cw1 ◦ Cw2 ◦ · · · ◦ Cwr .

Note that when W = (w) is a composition of w of length 1, then B∗W = BW and
C∗W = CW . The map B∗ restricted to fixed relations is quite simple.

Theorem 3.22. If
∑

i aiζ(Vi) = 0 is a fixed relation with associated power sum relation∑
i aiSd(Vi) = 0 (for all d ∈ Z), and W is a composition of w, then the relation associated

to B∗W (R) is ∑
i

aiSd(W,Vi) = 0

so that ∑
i

aiζ(W,Vi) = 0.

Proof. For any length 1 composition (w) and fixed relation, we have

Sd(w)
∑
j<d

(∑
i

aiSj(Vi)

)
= Sd(w)

∑
i

aiS<d(Vi)

=
∑
i

aiSd(w, Vi).

By definition B∗W = Bw1 ◦ . . . ◦Bwr , and the claim follows.

Example 3.23. We prove in Theorem 6.1 that for q = 2, a fixed relation is

ζ(1, 2) + L1ζ(2, 1) + L1ζ(1, 1, 1) = 0.

By Theorem 3.22 we also have

ζ(3, 1, 2) + L1ζ(3, 2, 1) + L1ζ(3, 1, 1, 1) = 0

ζ(1, 4, 5, 1, 2) + L1ζ(1, 4, 5, 2, 1) + L1ζ(1, 4, 5, 1, 1, 1) = 0

etc.
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Something similar is true for binary relations:

Theorem 3.24. Let R = (r1, . . . , r2k−1) ∈ P be the relation associated to2k−1∑
i=1

aiSd(Vi)

+

2k−1∑
i=1

biSd+1(Vi)

 = 0

for all d. Write Vi = (vi, V
′
i ) and let W = (w) be a composition of w of length 1 such that

w + vi ≤ q for all i such that bi 6= 0, then we have2k−1∑
i=1

(ai + bi)ζ(w, Vi)

+

2k−1∑
i=1

biζ(w + vi, V
′
i )

 = 0.

Proof. By hypothesis we have

2k−1∑
i=1

aiSd(Vi) +
2k−1∑
i=1

biSd+1(Vi) = 0, for all d ∈ Z.

First note that taking d = −1 gives

2k−1∑
i=1

biS0(Vi) = 0.

Summing both sides from d = 0 to d = D − 1 we have

0 =
2k−1∑
i=1

(aiS<D(Vi)) +
2k−1∑
i=1

(biS<D(Vi) + biSD(vi, V
′
i ))

=
2k−1∑
i=1

(aiS<D(Vi)) +
2k−1∑
i=1

(biS<D(Vi) + biSD(vi)S<D(V ′i ))

=
2k−1∑
i=1

(aiS<D(Vi)) +
2k−1∑
i=1

(
biS<D(Vi) +

bi
lviD
S<D(V ′i )

)
.

Multiplying both sides of the equation by SD(w) = 1/lwD (since w < q) gives

0 =
2k−1∑
i=1

(aiSD(w, Vi)) +
2k−1∑
i=1

(
biSD(w, Vi) +

bi

lvi+w
D

S<D(V ′i )

)

0 =
2k−1∑
i=1

(aiSD(w, Vi)) +
2k−1∑
i=1

(biSD(w, Vi) + biSD(w + vi, V
′
i ))

0 =
2k−1∑
i=1

((ai + bi)SD(w, Vi)) +
2k−1∑
i=1

(biSD(w + vi, V
′
i )) .

Summing over all D gives the result.
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4. Describing Previous Work

Previous work on Fq(t)-linear relations has been done in [5], [9], [10], [11], [12], [13], and
[14]. In this section we describe much of that work with the maps just defined. The following
relation, proved in [5], is of special importance and we denote it by Rm (for fixed m ≤ q):

Sd(mq)− lm1 Sd+1(m,m(q − 1)) = 0, for all d ∈ Z

and associated multizeta relation

ζ(mq)− lm1 ζ(m,m(q − 1)) = 0, m ≤ q.

Notice that this relation is binary.

Theorem 4.1. Let a, b be positive integers with a+ b = m ≤ q, then

Rm = C(bq)(Ra)− lb1C(b,b(q−1))(Ra) + la1B(a,a(q−1))(Rb)−B(aq)(Rb).

Proof. C(bq)(Ra) is the relation associated to

S<d+1(bq) (Sd(aq)− la1Sd+1(a, a(q − 1))) , for all d ∈ Z
= S<d+1(bq)Sd(aq)− la1S<d+1(bq)Sd+1(a, a(q − 1))

= (S<d(bq) + Sd(bq))Sd(aq)− la1S<d+1(bq)Sd+1(a, a(q − 1))

= Sd(aq, bq)︸ ︷︷ ︸
A1

+Sd(aq + bq)−la1Sd+1(a, a(q − 1))S<d+1(bq)︸ ︷︷ ︸
B1

.

Here we have used that Sd(aq)Sd(bq) = Sd((a+ b)q) since a+ b ≤ q.
(−1)lb1C(b,b(q−1))(Ra) is the relation associated to

(−1)lb1S<d+1(b, b(q − 1)) (Sd(aq)− la1Sd+1(a, a(q − 1)))

= (−1)lb1S<d+1(b, b(q − 1))Sd(aq) + la+b
1 Sd+1(a, a(q − 1))S<d+1(b, b(q − 1))

= (−1)lb1Sd(aq, b, b(q − 1))︸ ︷︷ ︸
C1

−lb1Sd(aq)Sd(b, b(q − 1))︸ ︷︷ ︸
D1

+ la+b
1 Sd+1(a, a(q − 1))S<d+1(b, b(q − 1))︸ ︷︷ ︸

E1

.

la1B(a,a(q−1))(Rb) is the relation associated to

la1Sd+1(a, a(q − 1))
∑
i<d+1

(
Si(bq)− lb1Si+1(b, b(q − 1))

)
= la1Sd+1(a, a(q − 1))

(
S<d+1(bq)− lb1S<d+1(b, b(q − 1))− lb1Sd+1(b, b(q − 1))

)
= la1Sd+1(a, a(q − 1))S<d+1(bq)︸ ︷︷ ︸

B2

−la+b
1 Sd+1(a, a(q − 1))S<d+1(b, b(q − 1))︸ ︷︷ ︸

E2

− la+b
1 Sd+1(a, a(q − 1))Sd+1(b, b(q − 1)).
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Finally, −B(aq)(Rb) is the relation associated to

− Sd(aq)
∑
i<d

(
Si(bq)− lb1Si+1(b, b(q − 1))

)
= −Sd(aq)

(
S<d(bq)− lb1S<d(b, b(q − 1))− lb1Sd(b, b(q − 1))

)
= −Sd(aq, bq)︸ ︷︷ ︸

A2

+ lb1Sd(aq, b, b(q − 1))︸ ︷︷ ︸
C2

+ lb1Sd(aq)Sd(b, b(q − 1))︸ ︷︷ ︸
D2

.

Note that A1 +A2 = B1 +B2 = C1 +C2 = D1 +D2 = E1 +E2 = 0 for all d. This gives that

C(bq)(Ra)− lb1C(b,b(q−1))(Ra) + la1B(a,a(q−1))(Rb)−B(aq)(Rb)

is the relation associated to

Sd(aq + bq)− la+b
1 Sd+1(a, a(q − 1))Sd+1(b, b(q − 1)).

This second term we can write as

Sd+1(a, a(q − 1))Sd+1(b, b(q − 1)) = Sd+1(a)Sd+1(b)S<d+1(a(q − 1))S<d+1(b(q − 1))

= Sd+1(a+ b)S<d+1((a+ b)(q − 1))

= Sd+1(a+ b, (a+ b)(q − 1))

and the result follows.

As a particular case, by putting a = 1 and b = n, we have:

Corollary 4.2.

Rn+1 = C(nq)(R1)− ln1C(n,n(q−1))(R1) + l1B(1,q−1)(Rn)−B(q)(Rn)

for n+ 1 ≤ q.

A similar calculation gives this relation in terms of the B∗ map:

Theorem 4.3. With m ≤ q we have

Rm+1 =

C(mq)(R1)− lm1 C(m,m(q−1))(R1)−B∗(q)(Rm) + l1B
∗
(1,q−1)(Rm) + l1B

∗
(1) ◦ C(q−1)(Rm).

Lemma 4.4. We have

Sd(q
2 − q)Sd(q − 1) = Sd(q

2 − 1)− Sd(q
2 − q, q − 1)

and
S<d(q

2 − q)S<d(q − 1) = S<d(q − 1, q2 − q) + S<d(q
2 − 1).
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Proof. The left-hand side of the first relation is

Sd(q(q − 1))Sd(q − 1) =

(
1

l
q(q−1)
d

)(
1

lq−1d

)
=

1

lq
2−1

d

.

For the right-hand side, we have

Sd(q
2 − 1)− Sd(q(q − 1), q − 1) =

(
ld+1

l1l
q2

d

)
−

(
1

l
q(q−1)
d

)(
[d]

[1]lq−1d−1

)

=

(
ld+1/ld

l1l
q2−1
d

)
−

(
−(−1)q−1[d]q

l1l
q2−1
d

)
=

1

lq
2−1

d

where we have used (3.6) and that

Sd(q
2 − 1) = S<d+1(q

2 − 1)− S<d(q
2 − 1).

This proves the first relation. The second relation follows from

S<d(q
2 − q)S<d(q − 1)

=

(∑
i<d

Si(q
2 − q)

)(∑
j<d

Sj(q − 1)

)
=
∑
i<j<d

Si(q
2 − q)Sj(q − 1) +

∑
j<i<d

Sj(q − 1)Si(q
2 − q) +

∑
i=j<d

Si(q
2 − q)Si(q − 1)

= S<d(q
2 − q, q − 1) + S<d(q − 1, q2 − q) +

∑
i<d

Si(q
2 − q)Si(q − 1)

= S<d(q
2 − q, q − 1) + S<d(q − 1, q2 − q) +

∑
i<d

(
Si(q

2 − 1)− Si(q
2 − q, q − 1)

)
= S<d(q

2 − q, q − 1) + S<d(q − 1, q2 − q) +
(
S<d(q

2 − 1)− S<d(q
2 − q, q − 1)

)
= S<d(q − 1, q2 − q) + S<d(q

2 − 1).

Theorem 4.5. The relation associated to C(q−1)(Rq−1) is

Sd(q
2 − 1)− lq−11 Sd+1(q − 1, q(q − 1)) = 0, for all d ∈ Z.

Moreover, we have
ζ(q2 − 1)− lq−11 Sd+1(q − 1, q(q − 1)) = 0.
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Proof. We check

0 = S<d+1(q − 1)
(
Sd(q(q − 1))− lq−11 Sd+1(q − 1, (q − 1)2)

)
= Sd(q − 1)Sd(q(q − 1)) + Sd(q(q − 1), q − 1)− lq−11 Sd+1(q − 1, q(q − 1))

= Sd(q
2 − 1)− Sd(q(q − 1), q − 1) + Sd(q(q − 1), q − 1)− lq−11 Sd+1(q − 1, q(q − 1))

= Sd(q
2 − 1)− lq−11 Sd+1(q − 1, q(q − 1))

where we have used Lemma 4.4 and 3.5. Summing over all d gives the Theorem.

Theorem 4.6. With Q1 the relation associated to(
(l1 + l2)Sd(q

2)− l1l2Sd+1(1, q
2 − 1)

+ lq+1
1 Sd(q, q

2 − q)− lq+1
1 Sd+1(q, q

2 − q)
)

= 0.

We have

Q1 = (l1 + l21)Rq + lq+1
1 C(q(q−1))(R1)− l31B(1) ◦ C(q−1)(Rq−1).

Moreover Q1 is
(l1 + l2)ζ(q2)− l1l2ζ(1, q2 − 1) = 0.

Proof. We compute term by term. For the first term, (l1 + l21)Rq is the relation associated
to

(l1 + l21)Sd(q
2)− (lq+1

1 + lq+2
1 )Sd+1(q, q(q − 1)).

For the second term, lq+1
1 C(q2−q)(R1) is the relation associated to

0 = lq+1
1 S<d+1(q

2 − q) (Sd(q)− l1Sd+1(1, q − 1))

= lq+1
1

(
Sd(q)Sd(q

2 − q) + Sd(q, q
2 − q)− l1Sd+1(1)S<d+1(q − 1)S<d+1(q

2 − q)
)

= lq+1
1

(
Sd(q

2) + Sd(q, q
2 − q)− l1Sd+1(1)S<d+1(q − 1)S<d+1(q

2 − q)
)

= lq+1
1

(
Sd(q

2) + Sd(q, q
2 − q)− l1Sd+1(1)

(
S<d+1(q − 1, q2 − q) + S<d+1(q

2 − 1)
))

= lq+1
1

(
Sd(q

2) + Sd(q, q
2 − q)− l1Sd+1(1, q − 1, q2 − q)− l1Sd+1(1, q

2 − 1)
)

= lq+1
1 Sd(q

2) + lq+1
1 Sd(q, q

2 − q)− lq+2
1 Sd+1(1, q − 1, q2 − q)− lq+2

1 Sd+1(1, q
2 − 1)

where we have used Lemma 4.4 from the third equality to the fourth.
Finally, compute the relation associated to −l31B(1) ◦ C(q−1)(Rq−1). From Theorem 4.5,

the relation associated to C(q−1)(Rq−1) is

Sd(q
2 − 1)− lq−11 Sd+1(q − 1, q(q − 1)) = 0.

To compute −l31B(1) ◦ C(q−1)(Rq−1), we use Theorem 3.24 to get

−l31Sd(1, q
2 − 1) + lq+2

1 Sd(1, q − 1, q(q − 1)) + lq+2
1 Sd(q, q(q − 1)) = 0.

Adding together and noting that −(lq+2
1 + l31) = −l1l2 and l1 + l21 + lq+1

1 = l1 + l2 gives the
result.
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Theorem 4.7. With R as

R = −lq−21 Q1 + (lq−11 + 1)Rq + (l2q−11 + lq1)C(q(q−1))(R1),

the relation between multizeta avlues associated to R is

ζ(q2)− [1]q[2]ζ(1, q − 1, q2 − q) = 0.

Proof. For −lq−21 Q1 we have

− lq−21

(
(l1 + l2)Sd(q

2)− l1l2Sd+1(1, q
2 − 1)

+ lq+1
1 Sd(q, q

2 − q)− lq+1
1 Sd+1(q, q

2 − q)
)

= 0

for all d, while (lq−11 + 1)Rq gives

(lq−11 + 1)
(
Sd(q

2)− lq1Sd+1(q, q
2 − q)

)
= 0

for all d ∈ Z. Finally, (l2q−11 + lq1)C(q(q−1))(R1) gives

(l2q−11 + lq1)S<d+1(q
2 − q) (Sd(q)− l1Sd+1(1, q − 1))

= (l2q−11 + lq1)Sd(q
2 − q)Sd(q) + S<d(q

2 − q)Sd(q)− l1Sd+1(1, q − 1)S<d+1(q
2 − q)

= (l2q−11 + lq1)Sd(q
2) + Sd(q, q

2 − q)− l1Sd+1(1)S<d+1(q − 1)S<d+1(q(q − 1))

= (l2q−11 + lq1)Sd(q
2) + Sd(q, q

2 − q)− l1Sd+1(1, q − 1, q2 − q)− l1Sd+1(1, q
2 − 1).

Adding these terms, noting that l2q−11 + lq1 = lq−11 (lq1 + l1) = lq−21 l2, and summing over all d
gives the result.

5. Relation Conjecture

We now provide a conjecture for the nature of all Fq(t)-linear relations between multizeta
values in terms of these maps.

Conjecture 5.1. A spanning set for Rq+w with w > 0 is given by

S =
(⋃{

BV (R1),CV (R1)
})
∪
(⋃

BU ◦ CV (R1)
)

where the first union is over all compositions of w and the second union is over all composi-
tions U and V such that (U, V ) is a composition of w. Moreover, this set is also a spanning
set if B is replaced by B∗ in both unions.

Note that the conjecture requires only one “generating” relation, namely R1. We now
compute S explicitly for q+ 1, q+ 2, and q+ 3 for all q (using B∗; similar, but much longer,
relations result from B). We list each power sum vector with its associated relation between
multizeta values.
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5.1. Weight q

R1 ζ(q) + L1ζ(1, q − 1) = 0

This relation is binary and is proved in [5].

5.2. Weight q + 1

B(1)(R1) ζ(1, q) + L1ζ(2, q − 1) + L1ζ(1, 1, q − 1) = 0 (5.2)

C(1)(R1) ζ(q + 1) + L1ζ(1, q) + L1ζ(1, 1, q − 1) + L1ζ(1, q − 1, 1) (5.3)

+ ζ(q, 1) + ζ(2, q − 1) = 0

5.2 follows from Theorem 3.24 with W = (1).
For 5.3, we have

0 = S<d+1(1) (Sd(q) + L1Sd+1(1, q − 1))

= S<d+1(1)Sd(q) + L1S<d+1(1)Sd+1(1, q − 1)

= (S<d(1) + Sd(1))Sd(q) + L1Sd+1(1)S<d+1(1)S<d+1(q − 1)

= Sd(1)Sd(q) + Sd(q, 1) + L1Sd+1(1, 1, q − 1) + L1Sd+1(1, q − 1, 1) + L1Sd+1(1, q)

+ L1ASd+1(1, 1, q − 1).

Here A is given by

A = (−1)0
(
q − 2

0

)
+ (−1)q−2

(
q − 2

q − 2

)
.

Since the characteristic is 2 if q ≡ 0 mod 2, we have that A = 0 for all q, so

0 = S<d+1(1) (Sd(q) + L1Sd+1(1, q − 1))

= Sd(1)Sd(q) + Sd(q, 1) + L1Sd+1(1, 1, q − 1) + L1Sd+1(1, q − 1, 1) + L1Sd+1(1, q).

For Sd(1)Sd(q) we have

Sd(1)Sd(q) = Sd(q + 1) +
∑
j

fjSd(q + 1− j, j)

where the sum is over all j such that q − 1|j and 0 < j < a+ b. If q > 2, then note that

2(q − 1) = (q + 1) + q − 3

≥ q + 1
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so that, in this case

Sd(1)Sd(q) = Sd(q + 1) +

(
(−1)0

(
q − 2

0

)
+ (−1)q−1

(
q − 2

q − 1

))
Sd(2, q − 1)

= Sd(q + 1) + Sd(2, q − 1).

In the case that q = 2, we have

Sd(1)Sd(2) = Sd(3) + Sd(2, 1) +

(
(−1)

(
1

0

)
+ (−1)

(
1

1

))
Sd(1, 2)

= Sd(3) + Sd(2, 1).

This proves 5.3. Note that the set {B(1)(R1),C(1)(R1)} is linearly independent in Rq+1.

5.3. Weight q + 2

For q > 2 we have

B∗(2)(R1) ζ(2, q) + L1ζ(3, q − 1) + L1ζ(2, 1, q − 1) = 0 (5.4)

B∗(1,1)(R1) ζ(1, 1, q) + L1ζ(1, 2, q − 1) + L1ζ(1, 1, 1, q − 1) = 0 (5.5)

B∗(1)(C(1)(R1)) ζ(1, q + 1) + L1ζ(2, q) + L1ζ(1, 1, q) + ζ(1, 2, q − 1) (5.6)

ζ(1, q, 1) + L1ζ(2, 1, q − 1) + L1ζ(2, q − 1, 1)

+ L1ζ(1, 1, q − 1, 1) + L1ζ(1, 1, 1, q − 1) = 0

C(2)(R1) ζ(q + 2) + L1ζ(1, q + 1) + ζ(q, 2) + L1ζ(1, q − 1, 2) (5.7)

+ 2ζ(3, q − 1) + 2L1ζ(1, 2, q − 1) = 0

C(1,1)(R1) ζ(2, q) + ζ(q + 1, 1) + L1ζ(1, 1, q) + L1ζ(1, 1, 1, q − 1) (5.8)

+ L1ζ(1, q, 1) + ζ(2, 1, q − 1) + ζ(2, q − 1, 1) + ζ(q, 1, 1)

+ L1ζ(1, 1, q − 1, 1) + L1ζ(1, q − 1, 1, 1) = 0.

The only exception for q = 2 is that we have (L1 + 1)ζ(2, 2) +L1ζ(3, 1) +L1ζ(2, 1, 1) = 0
in place of relation 5.4. Relations 5.4, 5.5, and 5.6 follow from 3.22 applied to R1, R1, and
5.3, respectively. 5.7 follows from the same method as in Theorem 4.5.

For 5.8 we compute

S<d+1(1, 1) (Sd(q)− l1Sd+1(1, q − 1))

= Sd(1, 1)Sd(q) + Sd(q, 1, 1)− l1Sd+1(1)S<d+1(q − 1)S<d+1(1, 1).

We expand the first term:

Sd(1)Sd(q)S<d(1) = (Sd(q + 1) + Sd(2, q − 1))S<d(1)

= Sd(q + 1, 1) + Sd(2, q − 1)S<d(1)

= Sd(q + 1, 1) + Sd(2)S<d(q − 1)S<d(1)

= Sd(q + 1, 1) + Sd(2) (S<d(q − 1, 1) + S<d(1, q − 1) + S<d(q))

= Sd(q + 1, 1) + Sd(2, q − 1, 1) + Sd(2, 1, q − 1) + Sd(2, q).
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Similarly the third term is

− l1Sd+1(1)S<d+1(q − 1)S<d+1(1, 1)

= −l1Sd+1(1)
(
S<d+1(q − 1, 1, 1) +

∑
i<d+1

Si(q − 1)Si(1, 1)

+
∑

j<d+1

Sj(1)S<j(1)S<j(q − 1)
)

= −l1Sd+1(1)
(
S<d+1(q − 1, 1, 1) + S<d+1(1, 1, q − 1) + S<d+1(1, q − 1, 1)

+ S<d+1(1, q) + S<d+1(q, 1)
)

= −l1Sd+1(1, q − 1, 1, 1)− l1Sd+1(1, 1, 1, q − 1)− l1Sd+1(1, 1, q − 1, 1)

− l1Sd+1(1, 1, q)− l1Sd+1(1, q, 1).

Adding all three terms, summing over all d and noting that −l1 = L1 gives the result. We
now show that these relations are linearly independent in Rq+2. For q > 3 (strict), we fix an
ordering of the compositions of q + 2 as {(2, q), (1, 1, q), (1, q, 1), (q, 2),
(q, 1, 1), . . .}. Then writing these five relations as row vectors, we have

1 0 0 0 0 · · ·
0 1 0 0 0 · · ·
L1 L1 1 0 0 · · ·
0 0 L1 1 0 · · ·
1 L1 0 0 1 · · ·


(2, q) (1, 1, q) (1, q, 1) (q, 2) (q, 1, 1)

from which it is clear that they are linearly independent. Independence of relations for q = 3
is similarly easily verified.

5.4. Weight q + 3

For q > 3, we have

B(3)(R1) ζ(3, q) + L1ζ(4, q − 1) + L1ζ(3, 1, q − 1) = 0 (5.9)

B∗(1,2)(R1) ζ(1, 2, q) + L1ζ(1, 3, q − 1) + L1ζ(1, 2, 1, q − 1) = 0 (5.10)

B∗(2,1)(R1) ζ(2, 1, q) + L1ζ(2, 2, q − 1) + L1ζ(2, 1, 1, q − 1) = 0 (5.11)

B∗(1,1,1)(R1) ζ(1, 1, 1, q) + L1ζ(1, 1, 2, q − 1) + L1ζ(1, 1, 1, 1, q − 1) = 0 (5.12)

B∗(1,1)(C(1)(R1)) ζ(1, 1, q + 1) + L1ζ(1, 1, 1, q) + L1ζ(1, 2, q) (5.13)

+ L1ζ(1, 1, 1, 1, q − 1) + L1ζ(1, 2, 1, q − 1) + L1ζ(1, 1, 1, q − 1, 1)

+ L1ζ(1, 2, q − 1, 1) + ζ(1, 1, q, 1) + ζ(1, 1, 2, q − 1) = 0

B(2)(C(1)(R1)) ζ(2, q + 1) + L1ζ(2, 1, q) + L1ζ(3, q) + L1ζ(2, 1, 1, q − 1) (5.14)

+ L1ζ(3, 1, q − 1) + L1ζ(2, 1, q − 1, 1) + L1ζ(3, q − 1, 1) + ζ(2, q, 1)
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+ ζ(2, 2, q − 1) = 0

B(1)(C(2)(R1)) ζ(1, q + 2) + ζ(1, q, 2) + 2ζ(1, 3, q − 1) + L1ζ(1, 1, q + 1) (5.15)

+ L1ζ(1, 1, q − 1, 2) + 2L1ζ(1, 1, 2, q − 1) + L1ζ(2, q + 1)

+ L1ζ(2, q − 1, 2) + 2L1ζ(2, 2, q − 1) = 0

B(1)(C(1,1)(R1)) ζ(1, 2, q) + ζ(1, q + 1, 1) + ζ(1, 2, 1, q − 1) (5.16)

+ ζ(1, 2, q − 1, 1) + ζ(1, q, 1, 1) + L1ζ(1, 1, 1, q)+

L1ζ(1, 1, 1, 1, q − 1) + L1ζ(1, 1, q, 1)+

L1ζ(1, 1, 1, q − 1, 1) + L1ζ(1, 1, q − 1, 1, 1)

+ L1ζ(2, 1, q) + L1ζ(2, 1, 1, q − 1) + L1ζ(2, q, 1)

+ L1ζ(2, 1, q − 1, 1) + L1ζ(2, q − 1, 1, 1) = 0

C(3)(R1) ζ(q + 3) + L1ζ(1, q + 2) + 3L1ζ(1, 3, q − 1) (5.17)

+ L1ζ(1, q − 1, 3) + ζ(q, 3) + 3ζ(4, q − 1) = 0

C(1,2)(R1) ζ(2, q + 1) + ζ(q + 1, 2) + L1ζ(1, 1, q + 1) + ζ(q, 1, 2) (5.18)

+ L1ζ(1, q, 2) + ζ(2, q − 1, 2) + L1ζ(1, 1, q − 1, 2)

+ L1ζ(1, q − 1, 1, 2) + 2ζ(2, 2, q − 1) + 2L1ζ(1, 1, 2, q − 1) = 0

C(2,1)(R1) 2ζ(3, q) + ζ(q + 2, 1) + 2L1ζ(1, 2, q) + L1ζ(1, q + 1, 1) (5.19)

+ 2ζ(3, 1, q − 1) + ζ(q, 2, 1) + L1ζ(1, q − 1, 2, 1) + 2ζ(3, q − 1, 1)

+ 2L1ζ(1, 2, q − 1, 1) + 2L1ζ(1, 2, 1, q − 1) = 0

C(1,1,1)(R1) ζ(2, 1, q) + ζ(2, q, 1) + ζ(q + 1, 1, 1) + ζ(2, 1, 1, q − 1) (5.20)

+ ζ(2, 1, q − 1, 1) + ζ(2, q − 1, 1, 1) + ζ(q, 1, 1, 1)

+ L1ζ(1, 1, 1, q) + L1ζ(1, 1, q, 1) + L1ζ(1, q, 1, 1)

+ L1ζ(1, 1, 1, 1, q − 1) + L1ζ(1, 1, 1, q − 1, 1) + L1ζ(1, 1, q − 1, 1, 1)

+ L1ζ(1, q − 1, 1, 1, 1) = 0.

Relations 5.9-5.16 follow from Theorem 3.22 applied to either R1 or previously proved rela-
tions. Relations 5.17-5.20 follow from the same methods as in 5.8. For q > 4, we order the
2q+2 compositions of q + 3 as

{(3, q), (1, 2, q), (2, 1, q), (1, 1, 1, q), (1, 1, q, 1), (2, q, 1), (1, q, 2), (1, q, 1, 1),

(q, 3), (q, 1, 2), (q, 2, 1), (q, 1, 1, 1), . . .}.

Writing the 12 relations in 5.9-5.20 as row vectors, we see the same lower-triangular pattern.
q = 2, 3, 4 can easily be computed by hand.

6. General Relations

We give some examples of parameterized families of relations.
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Theorem 6.1. The following are true:

(1) L1ζ(k, 1, q − 1) + L1ζ(1 + k, q − 1) + ζ(k, q) = 0, k ≤ q − 1

(2) L1ζ(1, 2q − 2) + ζ(2q − 1) = 0

(3) ζ(m, 2q − 1) + L1ζ(m+ 1, 2q − 2) + L1ζ(m, 1, 2q − 2) = 0, m+ 1 ≤ q

(4) lm1 ζ(n,m,m(q − 1)) + lm1 ζ(n+m,m(q − 1))− ζ(n,m, q) = 0, m+ n ≤ q

(5) ζ(2q) + ζ(q, q) + L1ζ(1, 2q − 1) + L1ζ(1, q − 1, q) = 0

(6) ζ(m, 2q) + ζ(m, q, q) + L1ζ(m+ 1, 2q − 1) + L1ζ(m+ 1, q − 1, q)

+ L1ζ(m, 1, 2q − 1) + L1ζ(m, 1, q − 1, q) = 0, m+ 1 ≤ q.

Proof of (1). For the first relation, we provide two proofs to show how the maps can some-
times simplify proofs.

We have that

L1Sd(2 + k, q − 1) = L1Sd(2 + k)S<d(q − 1)

= L1
1

lk+2
d

ld
l1l

q
d−1

= − 1

lk+1
d

1

lqd−1

and

L1Sd(1 + k, 1, q − 1) = L1Sd(1 + k)S<d(1, q − 1)

= L1Sd(1 + k)
d−1∑
i=1

Si(1)S<i(q − 1)

= L1
1

lk+1
d

d−1∑
i=1

1

li

li
l1l

q
i−1

=
1

lk+1
d

(
−1

lq0
+
−1

lq1
+
−1

lq2
+ · · ·+ −1

lqd−2

)
and finally

Sd(1 + k, q) = Sd(1 + k)S<d(q)

=
1

lk+1
d

d−1∑
i=0

Si(q)

=
1

lk+1
d

(
1

lq0
+

1

lq1
+

1

lq2
+ · · ·+ 1

lqd−1

)
.

Adding these together gives 0 and summing over d ≥ 0 gives the result.
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We now show that the relation in (1) is the relation associated to B(k)(R1):

0 = Sd(k)
d−1∑
i=0

(Si(q)− l1Si+1(1, q − 1))

= Sd(k) (S<d(q)− l1S<d(1, q − 1)− l1Sd(1, q − 1))

= Sd(k, q)− l1Sd(k, 1, q − 1)− l1Sd(k + 1, q − 1).

Summing over all d gives the relation in (1), as desired.

Proof of (2). We compute

Sd(2q − 1) = Sd(q + (q − 1))

=
1

l2q−1d

(
1− (q − 1)

[d]q

[1]

)
=

1

l2q−1d

(
[d+ 1]

[1]

)

and

L1Sd+1(1, 2q − 2) =
L1

ld+1

(
[d+ 1]2

[1]2

)(
1

l2q−2d

)
=

(
[d+ 1]

[1]

)(
−1

ld

)(
1

l2q−2d

)
.

The two are equal. Summing over d ≥ 0 gives the result.

Proof of (3). This is the image of (2) under the map B(m). From (2), we have

Sd(2q − 1) + L1Sd+1(1, 2q − 2) = 0.

Applying B(m) to this relation gives

0 = Sd(m)
d−1∑
i=0

(Si(2q − 1)− l1Si+1(1, 2q − 2))

= Sd(m) (S<d(2q − 1)− l1S<d(1, 2q − 2)− l1Sd(1, 2q − 2))

= Sd(m, 2q − 1)− l1Sd(m, 1, 2q − 2)− l1Sd(m+ 1, 2q − 2).

Summing over all d gives the relation in (3), as desired.

Proof of (4). This is the relation B(n)(Rm) and follows from Theorem 3.24 applied to Rm.
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Proof of (5). This is the relation C(q)(R1) and follows from a calculation similar to Theo-
rem 4.5.

Proof of (6). This is the image of (5) under B(m) and follows from Theorem 3.24 applied to
(5).

7. Dimension Conjecture

We give the following conjecture for the dimensions of the Fq(t)-span of multizeta values
of fixed weight.

Conjecture 7.1. Let gk = dim
(

SpanFq(t)(MZV’s of weight k)
)

. Then

gk =


2k−1 if 1 ≤ k < q

2k−1 − 1 if k = q
q∑

i=1

gk−i if k > q.

Note that the generating function for gk is

∞∑
n=0

gnx
n =

1− xq

1− x− · · · − xq

where we define g0 = 1.
By computing the spanning set in Conjecture 5.1, we can get an upper-bound for gk.

This has been done in Section 5 for q ≤ k ≤ q + 3 and with the help of sage for q =
2, 3, 4, 5, 7, 8, 9, 11 with k ≤ 11. Noting that dim(Zk)+dim(Rk) = 2k−1, we have the following
theorem:

Theorem 7.2. For all q and all weights k = q + w with 1 ≤ q + w ≤ max(q + 3, 11),
Conjecture 5.1 is true if and only if Conjecture 7.1 is true.
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