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Abstract

These notes were written to accompany a set of lectures for a workshop held at the University of
North Texas May 5-9, 2025. The goal was to rapidly introduce the basic language and ideas from the
Iwasawa theory of elliptic curves in order to learn about some applications of Iwasawa theory to more
“mainstream” problems in arithmetic geometry. Any mistakes belong to the author.
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0 Introduction

These notes are intended as a rapid introduction to some of the tools, techniques, and recent developments
in the Iwasawa theory of elliptic curves. This introduction is not meant to be comprehensive, and many
results will be stated without proof. Indeed, this is probably a morally incorrect way of introducing Iwasawa
theory, and even worse, many of the results from Iwasawa theory in these notes should (for the time being)
be treated as black boxes, tools to be applied to questions of more general interest to arithmetic geometers.
Hopefully you’ll be intrigued enough to go back and fill in some of the details later. If you do, consider the
following recommended reading:

1. Larry Washington’s Introduction to Cyclotomic Fields

2. Romyar Sharifi’s “Iwasawa theory: a climb up the tower” or Iwasawa Theory

3. Ralph Greenberg’s “Iwasawa Theory for Elliptic Curves” or his Park City notes “Introduction to
Iwasawa Theory for Elliptic Curves”

4. Chris Skinner’s Arizona Winter School notes

Additional resources: I have made a Google Drive which contains a selection key papers relating to each
day’s topic.

Acknowledgements

It is a pleasure to thank Adithya Chakravarthy, Keenan Kidwell, and Zachary Porat for carefully reading
earlier drafts and making helpful suggestions.
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1 Day 1: Introduction to Iwasawa Theory

In this first section, we introduce some of the standard notation in Iwasawa theory, with an aim toward
summarizing Iwasawa’s result on class numbers which started the entire subject. In the subsequent sections,
we will focus instead on Selmer groups of elliptic curves.1

In [19], Kenkichi Iwasawa introduced a method for studying class numbers of certain number fields, a
problem which is difficult in general but which exhibits a stunning regularity in certain contexts. In this
first section, we will explain Iwasawa’s ideas and his main result, which continues to inspire generalizations
to new contexts.

For the rest of these notes, we let p denote a fixed prime. Refreshingly, we need not always assume that
p is odd, and at certain points (e.g. in § 3.4) we will focus on the case p = 2.

1.1 Zp-extensions

Let F /Q be a finite extension, and let F∞/F be a Zp-extension; that is, an extension for which Gal(F∞/F )
is isomorphic to Zp, the (additive, topological) group of p-adic integers. Then for each integer n ≥ 0, there is
a unique subextension F ⊂ Fn ⊂ F∞ such that [Fn∶F ] = p

n and Gal(Fn/F ) ≃ Z/pnZ. It is common notation
to write Γ ∶= Gal(F∞/F ) and Γn ∶= Gal(Fn/F ). Note that, being procyclic, Γ is topologically generated by
a single element, which we denote by γ.

Example 1.1 (Cyclotomic Extensions). Here is the first Zp-extension everyone meets, and the Zp-extension
that we will focus on for most of our applications. Take as our base field F = Q, and for each n ≥ 1, let
ζn denote a primitive pn-th root of unity, compatibly chosen so that ζpn+1 = ζn. Let Qn = F (ζn), so that
Gal(Qn/Q) ≃ (Z/pnZ)×. Set Q(ζ∞) = ∪n≥1Fn. Then

Gal(Q(ζ∞)/Q) = lim←Ð(Z/p
nZ)× ≃ Z×p ≃ Zp ×∆

where ∆ ≃ Z/(p − 1)Z (unless p = 2, in which case ∆ ≃ Z/2Z). Setting Qcyc = Q(ζ∞)∆, the fixed field by ∆,
we have Gal(Qcyc/Q) ≃ Zp as desired. This is called the cyclotomic Zp-extension of Q, and in fact, it is the
only Zp-extension of Q. (This follows from the Kronecker-Weber theorem and the fact that Zp-extensions
are unramified away from p.) It is very easy to get your hands on the finite layers using e.g. a computer
algebra system such as Sage [9] or Magma [4].

For any other number field F /Q, one obtains the cyclotomic extension of F by taking the compositum
F cyc = FQcyc.

Example 1.2 (Anticyclotomic Extensions). Consider K/Q an imaginary quadratic field. Just as before, K
has a cyclotomic extension Kcyc, but unlike Q, it also has other Zp-extensions. For example, there is another
Zp-extension, denoted Kac and called the anticyclotomic extension of K. This can be characterized in a
number of ways, and in my opinion, the easiest description is that it is prodihedral. Thus, for each n ≥ 1 we
have a subextension K ⊂ Kn ⊂ K

ac satisfying [Kn∶K] = p
n and Gal(Kn/Q) is dihedral of order 2pn. Then

the unique nontrivial element τ ∈ Gal(K/Q) acts on Gal(Kac/K) by inversion.
In fact, K has infinitely many Zp-extensions, and the compositum of all such extensions has Galois group

Z2
p. However, the only two Zp-extensions which are Galois over Q are the cyclotomic and anticyclotomic

extensions. Of these, only Kcyc/Q is abelian. If we write K∞ for the union of all Zp-extensions of K, then
we have Gal(K∞/K) ≃ Z2

p. Since Kcyc and Kac are linearly disjoint, they generate all of the Zp-extensions
in this setting.

Remark 1.3. In general, the compositum of all the Zp-extensions of a number field F has Zp-rank ≥ 1+r2(F ),
where r2(F ) is the number of complex embeddings. If Leopoldt’s Conjecture is true, it will follow that this
lower bound is an equality.

1.2 Λ-modules and Iwasawa invariants

Retain the notation from the previous section, so we have a Zp-extension F∞/F with Galois group Γ. We
now introduce the Iwasawa algebra, denoted by Λ and defined as the completed group ring

Λ ∶= ZpJΓK ≃ lim
←Ð

Zp[Γn];

1(See this paper by Schaefer for a discussion relating Selmer groups to class groups.)
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here, the inverse limit is taken with respect to the restriction maps Γn+1 → Γn. Recall that Γ is topologically
generated by γ; then the map γ ↦ 1 + T defines an isomorphism

Λ ≃ ZpJT K;

thus, we may think of Λ as a power series ring in T with Zp-coefficients. It is a complete, local ring with
maximal ideal m = (p, T ).

In Iwasawa theory, one studies naturally-arising Λ-modules (also called Iwasawa modules). Although Λ
is not a PID, Iwasawa modules nevertheless admit a nice structure theorem, which we now recall. Let M be
a finitely-generated, torsion Λ-module. Then we have

M ∼ (
s

⊕
i=1

Λ/(pni)) ⊕ (
t

⊕
j=1

Λ/ (fj(T ))) , (1.1)

where

• we say that M is pseudoisomorphic to another Λ-module M ′, denoted M ∼ M ′, if there exists a
Λ-algebra homomorphism M →M ′ with finite kernel and cokernel;

• s and t are nonnegative integers, where a zero indicates an empty sum;

• the fj are distinguished polynomials, meaning that each fj is monic with every other coefficient divisible
by p.

From this presentation, we may define Iwasawa invariants.

Definition 1.4. Let M be a finitely-generated torsion Λ-module with a pseudoisomorphism as in (1.1). Its
Iwasawa invariants are defined by the nonnegative integers

µ(M) =
s

∑
i=1

ni and λ(M) =
t

∑
j=1

deg fj . (1.2)

(If s = 0 then µ(M) = 0, and if t = 0 then λ(M) = 0.)

Important Observation 1.5.

λ = rankZp(M) (1.3)

1.3 Iwasawa’s insight: the classical setting

Let F∞ = ⋃n≥0 Fn be a Zp-extension of F . Iwasawa realized that the p-part of the class groups of the Fn

grow in a regular fashion. Rather than attempt to study each Fn individually, his insight was to consider
the “entire package” of class groups along the entire extension. We give just a brief description of Iwasawa’s
approach.

For each n, let Xn denote the p-Sylow subgroup of the class group of Fn. Notice that for each m ≥ n
there is a norm map Xm →Xn; taking the inverse limit with respect to these norms, we obtain X∞ = lim←ÐXn.
There are two reasons it is nice to consider X∞ rather than any individual Xn.

• First, one may equip X∞ with the structure of a Λ-module. This follows from class field theory, which
allows us to view each Xn as the Galois group Gal(Ln/Fn), where Ln/Fn is the maximal unramified
abelian p-extension of Fn. Thus Xn is naturally a Γn module, hence also a Zp[Γn]-module, and upon
passing to X∞ we obtain a Λ-module. In fact, it can be shown that X∞ is a compact, finitely-generated
Λ-module. In particular, it has invariants µF∞ ∶= µ(X∞) and λF∞ ∶= λ(X∞).

• Furthermore, we may recover information about Xn from X∞. While the general setup requires some
extra care, suppose for simplicity that there is a unique prime in F above p, and suppose this prime is
totally ramified in F∞/F . Then we have an isomorphism

Xn ≃
X∞

((1 + T )
pn

− 1)X∞
.
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Putting these ingredients together, Iwasawa obtained the following remarkable theorem.

Theorem 1.6. Retain the setup and notation above. Let ∣Xn∣ = pen for each n. Then there exists some
integer ν such that

en = λF∞ ⋅ n + µF∞ ⋅ p
n + ν

for all sufficiently large n.

Thus, the λ- and µ-invariants control the growth rate of the (p-part of the) class groups along the Zp-
tower. If λ = µ = 0, for instance, then the class groups stabilize along the extension. If λ > 0 and µ = 0, then
the class groups grow linearly, and if µ > 0 then there is exponential growth. Although these formulas hold
for n “sufficiently large,” in practice the Iwasawa invariants tend to exhibit themselves in just the first few
layers of the extension.

While Iwasawa himself found examples demonstrating that both λ and µ can be positive, he did make
the following conjecture.

Conjecture 1.7 (Iwasawa’s µ conjecture). Let F∞/F be a cyclotomic Zp-extension. Then µF∞ = 0.

In the case when F /Q is abelian, this was proved by Ferrero-Washington [12]. We mention this conjecture
because it has an analogue in the elliptic curve case which will be important for us.

As a final remark, we mention that we have focused solely on the algebraic side of things; indeed, there
is an analytic approach to Iwasawa theory via p-adic L-functions which is also of great interest. In fact, the
Iwasawa Main Conjecture (now a theorem in many cases) essentially says that one should be able to obtain
the same information using either approach. We will explain this a bit more fully in the elliptic curve setting.
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2 Day 2: Fundamentals of the Iwasawa Theory of elliptic curves

Today we’ll build upon the previous day’s lecture by introducing Iwasawa theory for elliptic curves. We will
replace class groups with Selmer groups, we will define corresponding Iwasawa invariants, and our goal today
is to convince ourselves that these Iwasawa invariants are worth studying, because they give us interesting
arithmetic information.

2.1 Elliptic curves: basic notions

For this section, in addition to our fixed prime p, let us also fix an elliptic curve E/Q. For simplicity, we will
assume that

• p does not divide the conductor NE of E (so E has good reduction at p)

• p does not divide ap(E) ∶= p + 1 −#E(Fp) (so E is ordinary at p)

Today we will give a very brief introduction to Selmer groups of elliptic curves, with an eye toward defining
Iwasawa invariants for elliptic curves and stating some key results about them. We will then spend the
remaining days exploring some of the ways that Iwasawa theory allows us to study the ranks of elliptic
curves.

Remark 2.1. We will give just one2 definition of the p∞-Selmer group of an elliptic curve. However, there
are many different formulations, and each perspective can be useful in different contexts. See, for instance,
Chris Skinner’s AWS notes (which I followed closely) for a comprehensive overview.

Remark 2.2. If p is a prime for which E has good supersingular reduction at p (i.e. for which p ∣ ap(E)), the
Iwasawa theory for E is significantly more complicated. For this reason, we will stick to the ordinary case
in these notes. The supersingular case, while quite well-developed these days, is still a good source of open
problems. It is almost never a trivial exercise to take a result in the ordinary case and generalize it to the
supersingular case, and this can be a fruitful way of finding problems to work on!

Remark 2.3. Many of the results we will discuss in this section have straightforward analogues for more
general modular forms, and this is another fruitful source of easy-to-find problems. For an extremely general
definition of Selmer groups that goes beyond the elliptic curve setting, see Greenberg’s [14].

Let us fix for the moment a number field L/Q. Perhaps the most important theorem about elliptic curves
is the following.

Theorem 2.4 (Mordell-Weil). The abelian group of rational points E(L) is finitely-generated. In particular,
there is an integer r(E/L) ≥ 0, called the rank of E(L), such that

E(L) ≃ Zr(E/L) ⊕ TE .

for some finite group TE.

Remark 2.5. We note that the finite group (or torsion subgroup) TE appearing in the Mordell-Weil theorem
is an extremely interesting object to study, and it is the focus of the other project during this workshop,
taught by Abbey Bourdon. We will instead spend most of our time investigating the rank.

One idea for getting a handle on the rank r(E/L) might be to try computing E(L)/nE(L) for some
integer n > 1. From the Mordell-Weil Theorem, we have

E(L)/mE(L) ≃ (Z/mZ)r(E/L) ⊕ T /mT.

In fact, the strategy for proving the Mordell-Weil theorem typically involves first proving a weaker version:

Theorem 2.6 (Weak Mordell-Weil). For any integer m > 1, the group E(L)/mE(L) is finite.

2abridged, and largely unmotivated – remember, our goal is to use Iwasawa theory as a tool, rather than to dwell on the
foundations of the subject
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With this result in hand, one can then use the theory of heights to prove the full Mordell-Weil conjecture.
Let us recall the idea behind proving the weak version.

First, for an integer n > 1, we have the tautological exact sequence

0→ E[m] → E
[m]
ÐÐ→ E → 0, (2.1)

where we use the standard notation A[m] to denote the m-torsion of the module A. As in the previous
section, suppose L is a number field, and fix an algebraic closure L̄/L. We write GL for its absolute Galois
group Gal(L̄/L), and we will use the notation Hi(L,∗) for the Galois cohomology group Hi(GL,∗). Then
the sequence (2.1) yields the short exact sequence in Galois cohomology

0→ E(L)/mE(L)
κ
Ð→H1(L,E[m]) →H1(L,E)[m] → 0 (2.2)

The map κ is called the Kummer map, and it can be described very explicitly: The group E(L̄) is divisible,
so given any point P ∈ E(L), we can find a point Q ∈ E(L̄) such that P =mQ. Define a map ϕQ∶GL → E[m]
by

ϕQ(σ) = σ(Q) −Q.

One can check that this is a 1-cocycle; let cP denote the class of ϕQ in H1(L,E[m]). One can check
that cP depends only on P (and not on the choice of Q), so we obtain a well-defined homomorphism
E(L) →H1(L,E[m]). Now, P is in the kernel of this map precisely when cP is a coboundary, which means
there is a point R ∈ E[m] with the property that, for every σ ∈ GL, we have

σ(R) −R = [cp](σ)

= ϕQ(σ)

= σ(Q) −Q.

So for every σ ∈ GL we have σ(Q − R) = Q − R, which implies Q − R ∈ E(L). On the other hand, since
R ∈ E[m] we see that

P =mQ =mQ −mR =m(Q −R),

so P ∈mE(L). Hence we have an injection

κ∶E(L)/mE(L) ↪H1(L,E[m]),

and this is the Kummer map that appears in (2.2).
For any place ν of L, upon localizing at ν, our short exact sequence (2.2) yields a commutative diagram

0 E(L)/mE(L) H1(L,E[m]) H1(L,E)[m] 0

0 E(Lν)/mE(Lν) H1(Lν ,E[m]) H1(Lv,E)[m] 0

κ

κν

where the second and third vertical arrows are restriction maps. We define the m-Selmer group to be

Selm(E/L) = ker(H
1(L,E[m]) →∏

ν

H1(Lν ,E))

This group has two advantages: (i) from the diagram, we see that it contains the image of κ, i.e. we have
an inclusion E(L)/nE(L) ⊂ Selm(E/L); and (ii) the Selmer group can be shown to be finite3. So we’ve
accomplished our mission, as far as the weak Mordell-Weil theorem goes.

But that’s not where our story ends, so let’s keep studying these Selmer groups. The injection κ allows
us to write down the fundamental exact sequence

0→ E(L) ⊗ (Z/mZ) → Selm(E/L) →X(E/L)[m] → 0, (2.3)

where

X(E/L) = ker(H1(L,E) →∏
ν

H1(Lν ,E)) (2.4)

is called the Shafarevich-Tate group of E/L.

3by giving a slightly different description of the Selmer group, motivated by a careful study of an explicit description of the
Kummer map...see Skinner’s notes
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2.2 p∞-Selmer groups over Zp-extensions

The Selmer groups Selm(E/L) defined above behave nicely when you replace m with a multiple of m, or
when you replace L with an extension of L. In particular, we have homomorphisms

Selm(E/L) → SelM(E/F ) for m ∣M and an extension F /L.

Consider the exact sequence (2.3) with L fixed, and take the direct limit over all m of the form pn to obtain

0→ E(L) ⊗Qp/Zp → Selp∞(E/L) →X(E/L)[p∞] → 0. (2.5)

Having varied m, let us now vary the field. Let L = L0 ⊂ L1 ⊂ L2 ⊂ ⋯ ⊂ L∞ be a Zp-extension of L.

Definition 2.7. We define the p∞-Selmer group over L∞ as the direct limit

Selp∞(E/L∞) ∶= limÐ→
n

Selp∞(E/Ln).

This object is the star of the show...sort of. This Selmer group is a discrete Λ-module, but we obtain a
nice compact Λ-module4 by considering its Pontryagin dual, defined by

X(E/L∞) ∶= Hom(Selp∞(E/L∞),Qp/Zp).

Since X(E/L∞) is compact, a version of Nakayama’s lemma allows one to prove the following.

Theorem 2.8. The Λ-module X(E/L∞) is finitely-generated.

If, in addition, we have that X(E/L∞) is finitely-generated and torsion, then we may use it to define the
Iwasawa invariants of E/L∞.

Definition 2.9. Suppose that X(E/L∞) is finitely-generated and torsion as a Λ-module. Then it has Iwa-
sawa invariants as in (1.2), and we use the notation

µp(E/L∞) = µ(X(E/L∞)) and λp(E/L∞) = λp(X(E/L∞)).

Remark 2.10. When the prime p or the specific Zp-extension is understood, and when there is no chance of
confusion, one or both of the p and ∞ might be dropped from the above notation.

In analogy with Conjecture 1.7, we have the following.

Conjecture 2.11 (Greenberg’s µ=0 conjecture). If L∞/L is the cyclotomic Zp-extension, then E is isoge-
nous to a curve E′ with µp(E

′) = 0. In particular, if E[p] is irreducible as a GL-module, then µ(E/L∞) = 0.

Remark 2.12. This is a very important, wide-open conjecture...and some incredible progress was recently
made by our very own Adithya Chakravarthy5!

2.3 Mazur’s Control Theorem and ranks of elliptic curves

Let’s immediately state one of the most amazing theorems in Iwasawa theory and see how it gives information
about the arithmetic of E.

Theorem 2.13 (Mazur’s Control Theorem [26]). Let E/Q be an elliptic curve and let L/Q be a finite
extension. Let p be a prime for which E has good ordinary reduction at all primes of L above p. Let
L = L0 ⊂ L1 ⊂ L2 ⊂ ⋯ ⊂ L∞ be a Zp-extension of L. Then the natural maps

Selp∞(E/Ln) → Selp∞(E/L∞)Gal(L∞/Ln)

have finite kernel and cokernel of bounded order as n→∞.

4The action of Λ on X(E/L∞) can be described very explicitly, but we won’t need it at all
5See his beautiful paper here.
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Notice the analogy with Iwasawa’s theorem on class groups; in a similar fashion, Mazur’s theorem tells us
that, if we understand the Selmer group at the top of the Zp-tower, then we can recover information about
the Selmer groups at the finite layers, as well.6

Let us focus on the case where L∞/L is the cyclotomic Zp-extension, in which case we are guaranteed
to have Iwasawa invariants:

Theorem 2.14 (Kato-Rohrlich). If E/Q is an elliptic curve with good or multiplicative reduction at p, and
if L/Q is an abelian extension with cyclotomic Zp-extension L∞/L, then X(E/L∞) is a torsion Λ-module.
In particular, we may define invariants µp(E/L∞) and λp(E/L∞).

Let’s do a quick check to see that these invariants are giving us interesting information. Recall the
fundamental short exact sequence

0→ E(L) ⊗Qp/Zp → Selp∞(E/L) →X(E/L)[p∞] → 0.

From the Mordell-Weil theorem, the first term gives

E(L) ⊗Qp/Zp ≃ (Qp/Zp)
r(E/L).

On the other hand, the final term X(E/L)[p∞] is conjecturally finite. Let’s assume this, in which case we
see that

r(E/L) = corankZpSelp∞(E/L).

Suppose that E,L, and p satisfy the conditions of Theorem 2.14. Then Selp∞(E/L∞) is Λ-cotorsion. By
Mazur’s Control Theorem, we have a map with finite kernel

Selp∞(E/L) → Selp∞(E/L∞)Γ.

Thus
r(E/L) = corankZpSelp∞(E/L∞)

Γ ≤ corankZpSelp∞(E/L∞) = λ(E/L∞). (2.6)

In fact, we can replace L with Ln for any n ≥ 1, and the same argument works, so we’ve discovered the
remarkable fact that the Mordell-Weil ranks of the E(Ln) are bounded as n→∞, and in particular E(L∞)
has finite rank (despite L∞/L not being a number field, so the Mordell-Weil theorem does not apply).

2.4 Rank and parity

There is another way that we can use Selmer groups to learn about ranks of elliptic curves. First we recall
the Parity Conjecture, which is a theorem when L = Q [11, Theorem 1.4]:

Conjecture 2.15. Let p be a prime number. Then the quantity sp(E/L) ∶= corankZpSelp∞(E/L) is even

if and only if ω(E/L) = +1.

Here ω(E/L) is the root number, i.e. the sign in the functional equation for the complex L-function
associated to E/L. In particular, the Birch and Swinnerton-Dyer Conjecture predicts that if ω(E/L) = −1,
then E(L) has positive rank.

We also have the following result of Nekovar [27, Theorem A].

Theorem 2.16. Let E be an elliptic curve over a totally real number field L and let p be a prime number.
Let ran(E/L) ∶= ords=1L(E/L, s) be the analytic rank of E/L. Then

sp(E/L) ≡ ran(E/L) mod 2

in each of the following cases:

6The analogy goes much, much further. E.g. just as the class group measures some “bad behavior” (namely failure of unique
factorization), the Shafarevich-Tate group measures the failure of the local-to-global principle for rational points on E, and
assuming its finiteness, one can prove a theorem identical to Iwasawa’s for class groups which describes the growth of X along
the tower in terms of λ and µ .
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(i) E does not have complex multiplication,

(ii) E has complex multiplication and 2 ∤ [L ∶ Q], and

(iii) E has complex multiplication by an imaginary quadratic field K and p splits in K/Q.

These results involve the Selmer group over L, not Lcyc; however, in Greenberg’s notes, he proves the
following result (which he attributes to Guo, see [15, Proposition 3.10]):

Theorem 2.17. Let p be an odd prime. Assume that E/L is an elliptic curve and that Selp∞(E/L∞) is
Λ-cotorsion. Then

sp(E/ L) ≡ λp(E/L∞) mod 2.

Thus, the parity of λ-invariants over Lcyc can be used to understand the sign of the root number and the
parity of the analytic rank over L. We will use this during Day 3.

2.5 Main Conjecture

We’ve just seen some bridges between algebra and analysis. The last thing we should mention today is
the holy grail of Iwasawa theory, known as the Main Conjecture. In reality, there are many different
Main Conjectures, depending on the specific context (elliptic curves over Q, elliptic curves over number
fields, modular forms of higher weight, elliptic curves with supersingular reduction, elliptic curves along
anticyclotomic Zp-extensions, etc). In all cases, they seek to relate an algebraically-defined object (a Selmer
group) to an analytic object (a p-adic L-function). A nice summary of various Main Conjectures can be
found in § 4 of Chris Skinner’s AWS notes. For simplicity and concreteness, let us just state one version of
the Main Conjecture, which is actually a theorem due to Skinner and Urban [39].

Let E/Q be an elliptic curve with conductor N and good ordinary or multiplicative reduction at a prime
p ≥ 3. Suppose that E[p] is irreducible as a GQ-module, and suppose there exists a prime ℓ ∣ N different
from p for which E[p] is ramified at ℓ. By Theorem 2.14 we can write

X(E/Qcyc) ∼ (
s

⊕
i=1

Λ/(pni)) ⊕ (
t

⊕
j=1

Λ/ (fj(T ))) ,

and abbreviating its Iwasawa invariants as λ and µ, we define the characteristic polynomial of the Selmer
group to be

fE(T ) = p
µ
∏
j

fj(T ).

Note that λ is the degree of fE(T ). On the analytic side, there is a p-adic L-function associated to E
which p-adically interpolates special values of the complex L-function. Write this as Lp(E,T ). Under the
conditions we have stated, we actually have Lp(E,T ) ∈ Λ.

Theorem 2.18 (Iwasawa Main Conjecture over Q for p-ordinary elliptic curves (Skinner-Urban ’14)). Under
the assumptions above, we have an equality of ideals

(fE(T )) = (Lp(E,T )) in Λ.

Important Remark 2.19. By the Weierstrass Preparation Theorem, one may use Lp(E,T ) to define
analytic Iwasawa invariants µan

p and λan
p , and the Main Conjecture implies that the algebraic and analytic

invariants are equal. While computing p∞-Selmer groups is difficult, in practice it is much easier to compute
p-adic L-functions; in fact, Sage and Magma both have built-in functions for this. Thus, armed with the
Main Conjecture, you can sit at your computer and compute Iwasawa invariants for elliptic curves with ease.
(You can also find this data listed on a curve’s LMFDB page [23].)

Remark 2.20. Long before the full conjecture was known, Kato proved the containment

(fE(T )) ⊃ (Lp(E,T )) .
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3 Day 3: Rank parity in families of elliptic curves

While introducing p∞-Selmer groups over infinite extensions of number fields to study ranks of elliptic curves
may seem like overkill, we will see today that Iwasawa invariants tend to behave very nicely in families of
elliptic curves, and so allow us to propagate information about e.g. ranks of elliptic curves in these families.

For the rest of the day, fix an elliptic curve E/Q and a prime p of good ordinary reduction. We will work
over the cyclotomic Zp-extension Qcyc/Q.

3.1 The Greenberg-Vatsal Approach

Recall that the Main Conjecture asserts

(fE(T )) = (Lp(E,T )) in Λ,

where the left-hand side is the ideal generated by the characteristic polynomial of the Selmer group Selp∞(E/Qcyc),
and the right-hand side is generated by the p-adic L-function associated to E. In particular, the Main Con-
jecture implies that

µp(E/Qcyc) = µan
p (E/Q

cyc) and λp(E/Qcyc) = λan
p (E/Q

cyc).

Recall also that Kato proved a divisibility

(fE(T )) ⊃ (Lp(E,T )) .

Greenberg and Vatsal used these facts to give some of the first strong results towards proving the Main
Conjecture. Their main result was to show that, if the Main Conjecture holds for one elliptic curve E/Q
(under some additional assumptions), then it must also hold for any elliptic curve E′/Q for which there is
an isomorphism

E[p] ≃ E′[p] as GQ-modules,

where as before we write GQ = Gal(Q̄/Q). That is, for which the associated residual mod-p Galois represen-
tations

ρ̄ ∶ GQ → GL2(Fp)

are isomorphic. Their strategy for proving this was to show that the Iwasawa invariants for E and E′ are
related by an explicit formula; thus, if one knows the Iwasawa invariants for E, then they also know the
Iwasawa invariants for E′; combined with Kato’s divisibility

(fE′(T )) ⊃ (Lp(E
′, T )) ,

this is enough to prove equality. Here is their key theorem.

Theorem 3.1 (Greenberg-Vatsal [16]). Let p ≥ 3, and let E/Q and E′/Q be elliptic curves with good
ordinary reduction at p. Suppose that E[p] ≃ E′[p] as GQ-modules, and suppose further that these modules
are irreducible. Let Σ be a finite set of primes containing all the primes of bad reduction for E and E′, but
excluding p and ∞. Then

µ(E/Qcyc) = 0⇐⇒ µ(E′/Qcyc) = 0,

and if these µ-invariants vanish, then

λp(E/Qcyc) + ∑
ℓ∈Σ

δ(E, ℓ) = λp(E
′/Qcyc) + ∑

ℓ∈Σ
δ(E′, ℓ)

where the terms δ(−, ℓ) are the dimensions of some explicit Galois cohomology groups.

Proof Sketch. Suppose E[p] ≃ E′[p] as GQ-modules; then you might hope to also have an isomorphism
Selp∞(E/Qcyc)[p] and Selp∞(E

′/Qcyc)[p], but this turns out not to be the case.
Greenberg and Vatsal get around (or rather exploit!) this issue by defining auxiliary Selmer groups, which

they call non-primitive and denote by SelΣp∞(E/Qcyc); these are defined by dropping the local conditions at
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the finite set of primes Σ defined in the theorem statement. Then SelΣp∞(E/Qcyc)[p] is completely determined
by E[p], and in particular we have an isomorphism

SelΣp∞(E/Q
cyc)[p] ≃ SelΣp∞(E

′/Qcyc)[p].

as originally desired.
Let us simplify notation and simply write µ(E) and λ(E), and let us write µΣ(E) and λΣ(E) for the

invariants attached to the non-primitive Selmer group SelΣp∞(E/Qcyc). When µ(E) = 0, one checks that

λ(E) and λΣ(E) are precisely the Fp-dimensions of Selp∞(E/Qcyc)[p] and SelΣp∞(E/Qcyc)[p], respectively.
In particular, we have

λΣ(E) = λΣ(E′). (3.1)

Since SelΣp∞(E/Qcyc) was defined in the same way as Selp∞(E/Qcyc), except with the local conditions at
primes in Σ relaxed, there is an exact sequence

0→ Selp∞(E/Qcyc) → SelΣp∞(E/Q
cyc) → ∏

ℓ∈Σ
Hℓ(E/Qcyc) → 0,

where the product on the right is essentially the dropped local conditions (sort of like algebraic versions of
Euler factors). Define δ(E, ℓ) to be the λ-invariant of Hℓ(E/Qcyc); then additivity of λ-invariants in short
exact sequences of torsion Λ-modules gives

λΣ(E) = λ(E) + ∑
ℓ∈Σ

δ(E, ℓ).

Combining this with (3.1) yields the result.

3.2 Shekhar’s rank parity

In a 2016 paper [36], Shekhar made an explicit study of the δ(E, ℓ) terms in the Greenberg-Vatsal formula
and also utilized recent progress on the Parity Conjecture by the Dokchitsers [11] to prove a parity relation
between the analytic ranks of congruent elliptic curves. His original paper worked over number fields con-
taining the p-th roots of unity, and this result was later refined (in joint work with Ahmed and Aribam) to
hold without this assumption in [1]. For simplicity, we’ll state the result over Q and p ≥ 5 in these notes.
Recall the notions and notation from § 2.4.

Theorem 3.2 (Shekhar, Ahmed-Aribam-Shekhar). Let E1/Q and E2/Q be two elliptic curves with good
ordinary reduction at the prime p ≥ 5. Assume that E1[p] ≃ E2[p] as GQ-modules, that these modules are
irreducible, and that µ(E1) = 0 (equiv. µ(E2) = 0).

Let Ni denote the conductor of Ei, and let N̄i be the prime to p-part of the conductor of the Galois
representation Ei[p] over Q. Let

Σ0 = {ν ∣ ν ∣
N1

N̄1
or ν ∣

N2

N̄2
} .

Let SEi be the set of primes ν ∈ Σ0 such that has Ei split multiplicative reduction at ν.
Then

sp(E1) + ∣SE1 ∣ ≡ sp(E2) + ∣SE2 ∣ mod 2.

This is a really cool theorem! While the δ terms in the Greenberg-Vatsal formula are explicit enough
to compute precisely in concrete examples (and Greenberg even tells you how to do so), Shekhar realized
that it was even easier to focus on which terms were necessarily even and which were odd, in which case we
obtain the very simple-to-describe sets Si and his parity result (after invoking the Parity Conjecture).

It’s a lot of fun to play around with this result. For instance, using the explicit parameterization, due to
Rubin and Silverberg [33], of a family of elliptic curves which are congruent mod 5 to a fixed elliptic curve
E, you can very easily produce congruent elliptic curves which have conductor so large as to be absent from
Cremona’s database or the LMFDB. Nevertheless, Sage/Magma can often provide upper bounds for their
analytic ranks; if that analytic rank is bounded above by 1 (as it is expected to be most of the time!), you
can use the above theorem to pin the analytic rank down on the dot. And then by known cases of BSD, you
have also determined r(E/Q).
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3.3 Kida formulas

Suppose L/K is a field extension of degree p. In the setting of λ-invariants for CM fields, Kida [20] proved
a result showing how to compute λ(Lcyc) in terms of λ(Kcyc) and some information about ramification in
the extension Lcyc/Kcyc; this formula is often described as an analogue of the Riemann-Hurwitz formula.

Now suppose E/K is an elliptic curve. Hachimori and Matsuno [17] proved the following analogue. (We
first state the theorem for p ≥ 5 for simplicity.)

Theorem 3.3 (Hachimori-Matsuno). Let p ≥ 5 be a prime. Let L/K be a Galois extension of degree a power
of p. Assume that X(E/Kcyc) is Λ-torsion, and its µ-invariant is zero. Then X(E/Lcyc) is also Λ-torsion,
and its µ-invariant is zero. Furthermore, the λ-invariants of these, λp(E/K

cyc) and λp(E/L
cyc), satisfy the

following formula:

λp(E/L
cyc) = [Lcyc ∶Kcyc]λp(E/K

cyc) + ∑
w∈P1

(e(w) − 1) + 2 ∑
w∈P2

(e(w) − 1).

Here P1 and P2 are the sets of the primes of Lcyc defined as

P1 = {w ∣ w ∤ p, E: split multiplicative reduction at w} ,

P2 = {w ∣ w ∤ p, E: good reduction at w, E(Lcyc
w ) has a point of order p} ,

and e(w) denotes the ramification index in Lcyc/Kcyc.

Remark 3.4. Matsuno also proved an analytic version of this theorem [25].

Based on all that we’ve seen to this point, it should be no surprise that this Kida formula is very useful
for studying the arithmetic of elliptic curves, and in particular for studying the growth from Selp∞(E/K) to
Selp∞(E/L); this then yields information on the growth of the Mordell-Weil rank in the extension L/K as
well as the growth of the Shafarevich-Tate group X(E/K); see, for instance, the extremely interesting work
of Beneish, Kunda, and Ray [3].

A similar statement to Theorem 3.3, though slightly more complicated and with extra hypotheses, also
holds when p ∈ {2,3}. This leads to an application to the study of quadratic twist families.

3.4 Quadratic twist families via a Kida formula

Given an elliptic curve E/Q defined by the equation

E∶ y2 = f(x),

for each squarefree integer d we obtain its quadratic twist E(d)/Q defined by

E(d)∶dy2 = f(x).

In analogy with the average rank conjecture for elliptic curves, Goldfeld conjectured that half of the quadratic
twists of a fixed elliptic curve should have rank 0 overQ, and the other half should have rank 1. More precisely,
for X > 0 and r ∈ Z≥0, set nE,r(X) ∶=#{d ∣ ran(E

(d)) = r, ∣d∣ <X} where d refers to a squarefree integer.

Conjecture 3.5 (Goldfeld). With respect to the notation above for r ∈ {0,1},

nE,r(X) ∼
1

2
∑
∣d∣<X

1,

where the sum runs over fundamental discriminants d.

In particular, Goldfeld’s conjecture implies that for r ∈ {0,1}, we have nE,r(X) ≫ X, i.e. the quadratic
twists with rank 0 and 1 each have some positive proportion.7

Progress on even the weak Goldfeld conjecture was, until recently, quite slow. One of the strongest results
in its direction is the following, due to Ono [28, Corollary 3].

7The notation F (X) ≫ G(X) means there is some positive constant c > 0 such that F (X) > cG(X) for all X.
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Theorem 3.6 (Ono). Let E/Q be an elliptic curve such that E(Q)[2] = 0. Then there is α(E) ∈ (0,1) such
that nE,0(X) ≫

X
(logX)1−α(E) .

A newer result, due to Kriz and Li [22, Theorem 1.12], gives a result similar to Ono’s which also holds
when r = 1, but which requires very mysterious (that is, hard to verify in general) hypotheses.

Theorem 3.7 (Kriz–Li). Under some technical hypotheses involving Heegner points over an appropriate
imaginary quadratic field K/Q, for r ∈ {0,1} we have that

n∗E,r(X) ≫

⎧⎪⎪
⎨
⎪⎪⎩

X
(logX)5/6 if Gal(Q(E[2])/Q) ≃ S3;

X
(logX)2/3 if Gal(Q(E[2])/Q) ≃ Z/3Z.

Recent work by Alex Smith [40] promises to establish the full Goldfeld conjecture for 100% of elliptic
curves.

A recent paper by the present author and Anwesh Ray takes a different approach toward Goldfeld’s
conjecture, using Iwasawa theory to establish some density results similar to that of Theorem 3.7 but with
easier-to-verify hypotheses, and also to give some effective criteria for producing quadratic twists with rank
0 or rank 1. We’ll focus on the latter application.

The starting point is the following result of Matsuno.

Theorem 3.8 (Matsuno). Let E/Q be an elliptic curve with good ordinary reduction at p = 2 with squarefree
conductor NE. Assume that µ2(E/Q) = 0. Let d > 0 be a squarefree integer coprime to NE and let E(d) be
the corresponding quadratic twist. Then

λ2(E
(d)/Qcyc) = λ2(E/Qcyc) + ∑

ℓ∣d
2∣#Ẽ(Fℓ)

2nℓ+1 (3.2)

where the sum runs over the odd prime divisors of d and where nℓ = ord2 (
ℓ2−1
8
).

Proof Sketch. The idea is that, over Q(
√
d), the curves E and E(d) become isomorphic; thus, their λ-

invariants over Q(
√
d)cyc must be equal. Matsuno proves of version of Theorem 3.3 for the case p = 2 and

uses it to determine these λ-invariants for both curves over Q(
√
d)cyc, and setting them equal yields the

formula above.

Since λ-invariants and analytic ranks are closely related, the formula (3.2) allows one to obtain strong
results in the direction of Goldfeld’s conjecture by carefully considering the prime divisors of d. In [18], we
prove a number of theorems using this strategy; here is an example in the case where d = ℓ is just a prime.

Theorem 3.9. Let E/Q be an elliptic curve satisfying the following conditions:

1. E has good ordinary reduction at 2 with squarefree conductor NE,

2. ω(E) = +1,

3. E(Q)[2] ≠ 0,

4. µ2(E/Qcyc) = 0 and λ2(E/Qcyc) = 0.

Let ℓ be a prime satisfying the following conditions:

• ℓ ∤ 2NE,

• ℓ is inert in K ∶= Q(
√
−NE),

• ℓ ≡ 3,5 (mod 8).

Then we have that s2(E
(ℓ)/Q) = 1. The set of primes satisfying the above conditions has density 1

4
.
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Proof Sketch. Fix an elliptic curve E/Q with good ordinary reduction at 2 for which λ2(E/Q) = 0. Pick an
ℓ satisfying the hypotheses of the theorem.

Root numbers for quadratic twists are transformed by a Kronecker symbol, provided the twist is by
something coprime to the conductor of the original elliptic curve. Since ℓ ∤ 2NE and since we assumed ℓ is
inert in K, we find that

ω(E(d)) = χd(−NE)ω(E) = −ω(E) = −1.

By the parity conjecture, we may conclude that s2(E) is odd.
Since we assumed E(Q)[2] ≠ 0, it follows that any prime ℓ ∤ 2NE satisfies 2 ∣ #Ẽ(Fℓ), so it contributes

to the sum in (3.2). Furthermore, since ℓ ≡ 3,5,11,13 (mod 16), we find that nℓ = ord2 (
ℓ2−1
8
) = 0. Thus it

follows from Theorem 3.8 that
λ2(E

(d)/Q) = λ2(E/Q) + 2nℓ+1 = 2.

It then follows from (2.6) that s2(E
(ℓ)/Q) ≤ 2. Since we already deduce that it is also odd, we have shown

s2(E
(ℓ)/Q) = 1.

The final density statement is an application of the Chebotarev density theorem.

3.5 Hands-On Exercises

• Exercise 1 : Exploring the Greenberg-Vatsal method with the Rubin-Silverberg family

For small p (in contrast to large p – see the project below), given one elliptic curve E/Q, there are
generally many other elliptic curves A/Q such that E[p] ≃ A[p]. In fact, Rubin and Silverberg have
explicitly described an infinite family of elliptic curves which are congruent mod 5 to a given curve
[33]; this is implemented in Sage.

This exercise is as elementary or as challenging as you wish it to be: first, explore some mod 5 families
of elliptic curves, and get some hands-on experience with the Greenberg-Vatsal formula and Shekhar’s
parity formula. Then, go exploring! Can you find any interesting sub-families in which you can make
some interesting deductions using Greenberg-Vatsal? The conductor of the curve E(t) seems to vary
in a complicated fashion as a function of the parameter t, but perhaps you can find a way to gain some
control?

• Exercise 2 : Cataloging elliptic curve congruences As we have seen in the lectures, we can often
pass interesting Iwasawa-theoretic information between elliptic curves E1 and E2 satisfying E1[p] ≃
E2[p] for some prime p of good ordinary reduction. Except for the family described by Rubin and
Silverberg when p = 5, such congruences between elliptic curves are often found in an ad hoc manner
by a researcher in a time of need. It would be very useful to have a catalog of such congruences,
especially in a form which is easy to search (or even to add to the LMFDB, perhaps). The goal of this
exercise is simply to compute and catalog many elliptic curve congruences for various small primes p
in a methodical fashion.

A few remarks are in order.

(i) Given two elliptic curves E1/Q and E2/Q such that E1[p] and E2[p] are irreducible, one can
explicitly check for an isomorphism E1[p] ≃ E2[p] by checking whether

aℓ(E1) ≡ aℓ(E2) mod p

for every prime ℓ of good reduction for both curves up to an explicit bound, called the Sturm
Bound. In particular, if the conductors of E1 and E2 are NE1 and NE2 , respectively, then setting
M = lcm(NE1 ,NE2), it suffices to check all ℓ < ⌊m

6
⌋, where

m =M∏
q∣N
(1 +

1

q
) ,
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with the product running over the prime divisors of M . (Checking up to the Sturm bound ensures
that all of the aℓ values are congruent, except possibly at primes ℓ of bad reduction, hence the
corresponding Galois representations have the same traces. This, combined with irreducibility, is
enough to determine the representation.)

(ii) The Frey-Mazur conjecture predicts that, for p ≥ 19, the isomorphism E1[p] ≃ E2[p] implies
that E1 and E2 are isogenous. This result has recently been verified for all elliptic curves of
conductor ≤ 500000 by Cremona and Freitas [5]. Their approach is quite clever: rather than
laboriously pairing up elliptic curves and checking pairwise congruence of aℓ values, they build a
hash function which encodes the information of each curve’s aℓ values in such a way that collisions
can only be the result of congruences. Apart from this, the Frey-Mazur conjecture is wide open.

Attacking this problem in a way that won’t make your computer turn to a pile of dust will require
some optimization. One approach would be to adopt the hash function strategy of Cremona
and Freitas. Another approach might be to work with a single elliptic curve at a time, and use
the level-raising results of Diamond-Taylor [10] to determine which levels to go hunting in (note
that these level-raising results tell you where you are going to find modular forms with Galois
representations isomorphic to that of your original elliptic curve, but often those modular forms
will not have Q-coefficients.)
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4 Day 4: Hilbert’s Tenth Problem

Today we’ll look at some applications of the Iwasawa theory of elliptic curves to Hilbert’s Tenth Problem
and its generalizations to rings of integers of number fields.

4.1 Problem statement and reformulations

Given a Diophantine equation over Z, Hilbert’s Tenth Problem asked whether there exists a determinis-
tic algorithm to decide whether any Z-solutions exist. By the work of Davis-Putnam-Robinson [6] and
Matiyasevich [24], this is known to have a negative answer.

Since then, focus has shifted to the natural generalization of Hilbert’s problem obtained by replacing Z
with the ring of integers OL of a number field L/Q. Using a variety of methods, a negative answer was
confirmed for the following number fields:

(i) L totally real, or a quadratic extension of a totally real number field [8, 7]

(ii) L with exactly one complex place [29, 37, 41]

(iii) [L ∶ Q] = 4, L not totally real, and L/Q containing a proper intermediate field [8]

(iv) L/Q abelian [35]

More recent work of Shlapentokh [38] (strengthening an earlier result of Poonen [30] for rank 1 curves)
gives the following intriguing connection to elliptic curves:

Theorem 4.1 (Shlapentokh). Let L/K be an extension of number fields. Suppose there is an elliptic curve
E/K such that r(E/L) = r(E/K) > 0. If Hilbert’s 10th problem has a negative solution over OK , then it also
has a negative solution over OL.

In combination with techniques from Iwasawa theory, this theorem has been used to produce many more
number fields for which Hilbert’s 10th has a negative answer. For instance, Garcia-Fritz and Pasten [13]
proved this result for fields of the form Q( 3

√
p,
√
−q) for primes p and q belonging to positive density sets,

while Ray and Weston [32] studied layers of anticyclotomic extensions of imaginary fields. Today we will
describe results in the cyclotomic due to Ray [31].

We should also mention that, just a few months ago, two complete proofs of the generalized Hilbert’s
10th problem were announced; one is by Koymans and Pagano [21], and the other is by Alpöge, Bhargava,
Ho, and Shnidman [2]. Both of these papers rely on Shlapentokh’s theorem, but sadly, neither uses Iwasawa
theory. /

4.2 Ray’s approach to cyclotomic extensions

Fix a prime p ≥ 3. Suppose K/Q is a number field for which Hilbert’s 10th is known to have a negative
answer. We wish to show that the same is true for every extension of K along the cyclotomic tower Kcyc/K,
and we will use Shlapentokh’s criterion along with some ideas from Iwasawa theory which are by now very
familiar to us.

First, note that since Qcyc/Q is abelian, the work of Shapiro and Shlapentokh [35] proves that Hilbert’s
10th has a negative solution for every layer of the cyclotomic extension of Q. Furthermore, if K/Q is abelian,
then Kcyc/Q is also abelian, and the result is known for every layer along the cyclotomic tower over K. So
for us, the interesting cases from the previous section will be (i)-(iii).

On the other hand, if K/Q is not abelian, then the same is true of Kcyc/Q. Writing

K =K0 ⊂K1 ⊂K2 ⊂ ⋯ ⊂Kn ⊂Kn+1 ⊂ ⋯ ⊂Kcyc

as usual, none of the number fields Kn is abelian over Q, and so Hilbert’s 10th is not necessarily known
for them. On the other hand, since we have assumed Hilbert’s 10th is known over K, if we can exhibit an
elliptic curve E/K for which r(E/K) = r(E/Kn) > 0 for every n ≥ 0, then Shlapentokh’s theorem will give
us our desired result.
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Suppose we have an elliptic curve E/K with good ordinary reduction at all places above p such that
r(E/K) > 0, and suppose Selp∞(E/K

cyc) is Λ-cotorsion. (Recall that this is a theorem due to Kato when
K/Q is abelian, but in general it is only conjecturally true.) In this case, we may define in the usual way
λp(E/K

cyc), and the argument from Day 2 (equation (2.6)) shows that, for each n ≥ 0, we have

r(E/Kn) ≤ λp(E/K
cyc).

In particular, the rank of E is bounded along the tower, so there exists some n0 ≥ 0 such that for all
n ≥ n0, r(E/Kn0) = r(E/Kn). Thus, if Hilbert’s 10th is known to have a negative answer over Kn0 , then it
will also have a negative answer over Kn. Furthermore, if λp(E/K

cyc) = r(E/K), then we may take n0 = 0,
and Hilbert’s 10th will be known at every layer of the cyclotomic extension.

4.3 Characteristic polynomials and an analogue of the BSD formula

In fact, the argument above works for any Zp-extension K∞/K, but it relies on two big assumptions:

(i) Selp∞(E/K
cyc) is Λ-cotorsion, and

(ii) λp(E/K
cyc) = r(E/K) > 0

While Selmer groups for many Zp-extensions are expected to be cotorsion, there are certainly cases where
this assumption holds, e.g. in certain anticyclotomic towers. And even over the cyclotomic extension, when
K/Q is not abelian, this is a tough problem. So we’re going to stick to the cyclotomic extension, and we’re
going to take this property for granted.

The second property is also difficult to compute in general, but over the cyclotomic extension we do
have some tools. Recall that we defined the characteristic polynomial fE(T ) = pµ∏j fj(T ) associated to
Selp∞(E/K

cyc). (On Day 2 we defined this for K = Q, but the definition is the same in this more general
setup.) We may write it as a polynomial

fE(T ) = arT
r + ar+1T r+1 +⋯ + adT d (4.1)

where r ≥ 0 and ar ≠ 0. Thus r = ordT=0fE(T ) is the order of vanishing of fE(T ) at zero. Note that ar is
well-defined up to a unit in Zp. An important observation is :

Lemma 4.2. With the notation above, ar is a unit in Zp if and only if µp(E/K
cyc) = 0 and λp(E/K

cyc) = r.

Proof Sketch. On the one hand, by the p-adic version of the Weierstrass Preparation Theorem, we have a
unique decomposition

fE(T ) = P (T )u(T ),

where P (T ) ∈ Λ is a distinguished polynomial of degree λ and u(T ) ∈ Λ× is a unit.
On the other hand, from (4.1) we can write

fE(T ) = T
rg(T ), where g(0) = ar ≠ 0.

If ar is a unit, then so is g(T ), hence we have an identification g(T ) = u(T ) and P (T ) = T r. Thus
λ = degP (T ) = r and µ = 0.

Conversely, suppose µ = 0 and λ = r; then P (T ) must be a distinguished polynomial of degree r. Since
T r divides P (T ), this implies P (T ) = T r. Thus u(T ) = g(T ), and g(T ) being a unit is equivalent to
g(0) = ar.

Under some additional hypotheses, a formula due to Schneider [34, Theorem 2] gives a formula for the
value of ar up to p-adic units. Note the similarity with the Birch and Swinnerton-Dyer conjecture.

Theorem 4.3. With the notation and assumptions above, assume also that X(E/K)[p∞] is finite and that
the regulator Rp(E/K) is nonzero. Then

1. r = r(E/K)
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2. up to a p-adic unit, ar is given by

Rp(E/K) ⋅#X(E/K)[p∞] ⋅ ∏ cν ⋅ (∏ν∣p#Ẽ(Fν)[p
∞])

2

(#E(K)[p∞])2
(4.2)

Here the cv are the Tamagawa numbers at the places ν of K, and the regulator is the determinant of
the p-adic height pairing on E(K).

Thus, from our discussion above, we can prove Hilbert’s 10th has a negative solution over every layer of
Kcyc/K if we can exhibit an elliptic curve E/K for which the quantity in (4.2) is a p-adic unit.

At this point, it is helpful to take a step back and move the goalposts a bit. Rather than have a fixed p
in mind, let us fix just E and K and think about varying p.

• If E does not have CM, then a result of Serre implies that the set of primes at which E has good
ordinary reduction is of density 1.

• If we assume X(E/K) is finite (as is conjecturally expected), then #X(E/K)[p∞] is a p-unit for all
but finitely many p.

• The Tamagawa product ∏ cν is a finite number independent of p, so it is a p-unit for all but finitely
many p.

• If a prime p divides Ẽ(Fp), it is called an anomolous prime, and they have been a subject of study since
Mazur’s original paper [26]. It is known that these primes have density zero (though whether there are
infinitely many is a trickier matter). Suppose p splits completely in K. Then Ẽ(Fν) = Ẽ(Fp) for every
ν ∣ p. It follows that the right-most term in the numerator is a p-unit for a positive density of primes.
The set of rational primes which split completely in K have density [K ′∶Q]−1 by the Chebotarev
density theorem, where K ′ is the Galois closure of K over Q.

• Since K is a number field, the Mordell-Weil theorem shows that E(K)[p∞] is trivial for all but finitely
many p.

So the only term left to handle is the regulator Rp(E/K). In particular, we would like to know how often
Rp(E/K) is a p-adic unit. Unfortunately, this seems to be a very hard problem. Even over Q, it is only
conjectural (based on case-by-case computations) that Rp(E/Q) is divisible by p for a set of density zero,
and one might optimistically extend that to number fields K, but it must be noted that actually computing
regulators over general number fields is not even implemented in Sage and Magma (though algorithms for
their computation do exist; see § ??.

We conclude by noting that, while anticyclotomic towers are much more complicated than cyclotomic
ones, Ray and Weston [32] are able to obtain much more explicit results since they may work over an
imaginary quadratic base field. Stating their results and summarizing their methods would be too much for
our short course, however, though we conclude by noting that their work relies, at certain points, on the
ideas of the Greenberg-Vatsal method!
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