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Abstract

Let O be the ring of integers of a finite extension of Q,. We prove two control theorems
for fine Selmer groups of general cofinitely generated modules over O. We apply these
control theorems to compare the fine Selmer group attached to a modular form f over
the cyclotomic Z ,-extension of Q to its counterpart attached to the conjugate modular
form f.
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1 Introduction

Let p be a fixed odd prime number. Let f be a normalized eigen-cuspform of level
N and weight k > 2. We assume throughout that p t N. We write f for its conjugate
modular form, that is, the modular form whose Fourier coefficients are given by the
complex conjugation of those of f. We fix embeddings to, : Q < C and ¢ p: Q—
C), which allow us to regard the Fourier coefficients of f and f as elements of C,,.
Let K /Q, be a fixed finite extension that contains all these Fourier coefficients and
write O for its ring of integers. Throughout, @ is a fixed uniformizer of O.
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For g = f or f, let V, denote the K-adic Gg-representation attached to g by
Deligne [5]. Our normalization is such that these representations have Hodge—Tate
weights 0 and 1 — k at p, with the convention that the p-adic cyclotomic character has
Hodge-Tate weight 1. Recall that the K-linear dual of V is

V; = Homg (Vy. K) = Vi(k — 1),

where M (j) denotes the j-th Tate twist of a Gg-module M for j € Z. Fix a Galois-
stable O-lattice Ty inside Vy and define an O-lattice T7 inside V7 to be

Ty = Homop (Tr, O)(1 — k).

For g = f or f, we write Ay =V, /T

We write Qcyc for the cyclotomic Z,-extension of Q and let I' denote the Galois
group Gal (Qcyc / Q). Suppose L, is the unique finite subextension of Qcyc with Galois
group over Q of order p". Suppose L, p is the completion of L, at the unique place
above p. The Iwasawa algebra A = O[I'] is defined to be l(igl(Q[F/ I',], where

I', = I'?" and the connecting maps are projections. After fixing a topological generator
y of T, there is an isomorphism of rings A = O[X], by sending y to X + 1. Given a
A-module M, denote its Pontryagin dual by M := Homp (M, K/O).

We recall the notion of fine Selmer groups (which is denoted by Sely in the present
article) defined by Coates and Sujatha in [3] (see also [22]). This is a subgroup of
the classical Selmer group obtained by imposing stronger vanishing conditions at
primes above p (the precise definition is reviewed in §2 below). A deep result of
Kato shows that the fine Selmer group over Qcyc is always cotorsion as a A-module
regardless of whether f is ordinary at p or not, a fact that is not true for classical Selmer
groups. Based on results of Kato in [9] and Perrin-Riou [16], it has been shown in
[11, Proposition 6.3] that classical Selmer groups are not A-cotorsion when p is a
good nonordinary prime. See also [4, Theorem 2.6]. Fine Selmer groups can also be
used to formulate an Iwasawa Main Conjecture for modular forms without p-adic
L-functions [9, Conjecture 12.10]; this fact can also be exploited while working with
Coleman families of modular forms where the signed Selmer groups are unavailable. A
formulation of an Iwasawa Main Conjecture without p-adic L-functions for universal
deformations is given in [15, Section 5].

In this article, we shall prove two control theorems for fine Selmer groups. The first
one concerns passing between the fine Selmer group of the @ ¢-torsion of a cofinitely
generated O-module and the @ °~torsion of the fine Selmer group of the whole module.
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Theorem A (Theorem 3.2) Let e > 1 be fixed integers and M a cofinitely generated
O-module equipped with a continuous Gs(Q)-action. Let F be a subfield of Qcye.
Then the natural map

r: Sely (M[w€]/F) — Selo (M /F) [@*]

has finite kernel and cokernel with order bounded independently of e.

The second control theorem concerns passing between fine Selmer groups over
Qcyc and L. Itis divided into two parts. The first part studies the fine Selmer groups
of @w®-torsion of a general cofinitely generated O-module. The second part studies
the fine Selmer groups attached to modular forms. Let F € A be an irreducible
polynomial. Let ¢ = f or f, and j € Z. We write A ¢(j) Fm for the tensor product
Ag(j) ®o A/F™, equipped with the diagonal Galois action.

Before discussing a crucial hypothesis, which we call (H-baser), we introduce
some notation. Let ¢ denote the involution on A sending a group-like element of I"
to its inverse. For any A-module M, we write M* for the A-module which coincides
with M as a Z,-module, with the action of I" given by

x fory elandx € M.

yaux=y
Hypothesis (H-base ): Forall v| N, the cohomology group H? (Qy, Az (j) ®0 A/F)
is finite for (g, j, F) = (f, i, F) and (?, k—1i, F".
We can now state our second control theorem:
Theorem B (Theorem 3.7) Let M be a cofinitely generated O-module equipped with
a continuous action of Gs(Q). Let n > 0 be an integer.

(1) Let e > 1 be an integer. Then, the kernel and cokernel of the restriction map
Fn
ry - Sely (M[we]/L,,) —> Sely (M[we]/(@cyc)

are finite and bounded independently of n.

(ii) Let F be a fixed irreducible distinguished polynomial and m > 1 an integer.
Suppose that M = A y(i) pm or A7(k — i) pum and that (H-base ) holds. Then,
the kernel and cokernel of the restriction map

r: Selp (M/Q) — Sely (M/Qcyc)r

are finite.

Our results are slightly more general than those proven by Rubin in [17, Propo-
sition 7.4.4] (see also [12, 21] for similar control theorems for fine Selmer groups
of abelian varieties). We utilize our control theorems to study the A-structure of
Selp (Ag ) /Qcyc)v under duality. More precisely, we study links between U :=

v,
Selpy (Af(i)/(@cyc)v and V := Sely (A?(k - i)/QCyC) ‘. The twists we consider
originate from the perfect pairing of Gg-modules

Ty(i) x T7(k —i) —> O().
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For any finitely generated A-torsion module M, we denote its F°°-torsion (resp.
@ *°-torsion) part appearing in the pseudo-isomorphism between M and cyclic A-
modules by M (F°) (resp. M (zw®°)) (see §2). In this article, we provide necessary
and sufficient conditions for the equalities U (F*°) = V(F*®)and U () = V()
in terms of growth conditions of the following localization maps:

OF me: H' (Gs(Q), Af(i) ®0 A/ F"[w¢]) — H' (Qp, Af(i) ®0 A/F"[w]),
One: H (Gs(Ly), Ar(D[@€]) — H' (Lup, Ar()[°]).

Our control theorems allow us to prove the following:
Theorem C Under the notation introduced above, we have

(1) Let F € A be an irreducible distinguished polynomial such that (H-baser)
holds. Then, U(F*°) = V(F°) if and only if

edeg(F™)

‘Image(@F,m,eﬂ ~e q for all integers m > 1.

(i1) We have U(@w®®) = V(™) if and only if
|Image (9,,,6)’ ~n q?" forall integers e > 1.

In particular, U and V have equal j-invariants if’lmage (Hn,e)’ ~n q°" forall
e> 1.

Here, a, ~, b, signify that a, and b, are positive integers such that a, /b, and b, /a, are
bounded independently of e (but the bounds may depend on m). Likewise, a, ~, b,
signify that a, and b,, are positive integers such that a, /b, and b, /a, are bounded
independently of n (but the bounds may depend on ¢). Apart from our control theorems,
the proof of Theorem Crelies on global duality and global Euler characteristic formulae
that the growth conditions on the localization maps are equivalent to criteria established
by Greenberg (see Proposition 4.1)

Remark 1.1 We remind the reader that [8, Conjecture A], which generalizes [3, Con-
jecture A] (see also [2, Conjecture 1.2]), predicts that p-invariants of U and V are
always zero. Theorem C(ii) asserts that if the condition |Image (Bn,e)’ ~n qel’n holds,
then the p-invariant of U vanishes if and only if that of V' vanishes. Conversely,
if the p-invariants of these fine Selmer groups are zero, then the growth condition
[Tmage (0n.c)| ~n g°"" holds.

The following theorem gives sufficient conditions for (H-baser) to hold.

Theorem D (Theorem 5.1) Let p be an odd prime and N a square-free integer coprime
to p. Let f € Sp(I'o(N), w) be a newform with nebentypus character w of conductor
M. Let O < i < k be an integer. For a rational prime £, let m; denote the order of £
in (Z] pZ)*. Suppose that for each £|N the following holds:

(i) £#1 mod p,
(i) if £|M, then my does not divide (1 — k +1i) or (1 — i), and
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(iii) if€|%, then gcd(me, ¢ (M)) = 1 and my does not divide k or (k — 2).
Then, for all primes v of Qcyc that divide N, we have HO (Qcyc,v, Ag(j)) is finite for
both (g, j) = (f,i) and (f, k —1i).

In Sect. 5.3, some explicit examples are computed satisfying the hypotheses of the
above theorem.

For elliptic curves E /Q, recall from [10, Problem 0.7] the following problem posed
by Greenberg:

Chary Selo (E/Qeye)” = | [] @57 (Gr)

ep>1,n>0
Here, forn > 1,

A+x)" -1

n = n—1 € A’
a+x) -1
denotes the p"-th cyclotomic polynomial in 1 4+ X and

_rank E (L,) —rank E (L)
B Pt (p =1

€n )

where L, denotes the unique subextension of Qcyc such that [L, : Q] = p”". When
n = 0, wedefine @9 = X and ¢p = rank E (Q). Theright-hand side of (Gr) is invariant
under ¢; this suggests that we might expect there is a pseudo-isomorphism between
Selg (E/Qcyc) and Sely (E/Qcyc)'. Recent results of Nakamura [14] on functional
equations of Kato’s Euler systems suggest that the expectation may be reasonable.
Therefore, one is tempted to conjecture that the growth of the image conditions given
in Theorem C hold true.

2 Setup and notation

Fix an algebraic closure Q of Q. Then an algebraic extension of Q is a subfield of
this fixed algebraic closure, Q. Throughout, p denotes a fixed rational odd prime. Fix
a finite set S of primes of QQ containing p, the primes dividing the level of the fixed
modular form f, and the unique archimedean prime. Denote by Qg, the maximal
algebraic extension of (Q unramified outside S. For every (possibly infinite) extension
L of Q contained in Qg, write Gs (L) = Gal (Qg/L). Write S (L) for the set of primes
of L above S. If L is a finite extension of Q and w is a place of L, we write L, for
its completion at w; when L/Q is infinite, it is the union of completions of all finite
sub-extensions of L.
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Definition 2.1 Let M be a Z,-module equipped with a continuous G s(Q)-action.
(i) For any finite extension L/Q and j € {1, 2}, set

K] (M/L)=EDH (Lu. M),

wlv

where the direct sum is taken over all primes w of L lying above v.
(ii) For an infinite algebraic extension £/Q, we define K ,{ (M /L) by taking the
inductive limit of K l{ (M /L) over all finite extensions L/Q contained in L.
(iii) Let L be an algebraic extension of (Q that is contained inside QQg, we define the
fine Selmer group of M over L as

Selp(M /L) :=ker | H'(Gs(Q), M) — & K,(M/L)
veS(L)

Since all primes are finitely decomposed in the cyclotomic Z,-extension, we
will henceforth simplify notation and write @Ue 5(Qeye) H! (Qcyc,v, M ) in place of

1
®U€S(Qcyc) KU (M/L)
From now on, we fix a uniformizer @ of K. Recall from the introduction that I"

denotes the Galois group Gal (Qcyc/Q) and A = O[I'].

Definition 2.2 Let F € A. Write A/F for the quotient module A/(F), where (F)
denotes the A-ideal generated by F. Consider it as a G s(Q)-module via the projection
Gs(Q) —> T and T acts on A/F via the multiplication by identifying the elements
of I with the group-like elements in A. For a G (Q)-module M, define MF to be the
tensor product M ®» A/F equipped with the diagonal action by Gs(Q).

Note that action of G§(Qcyc) on A/ F is trivial.

Definition 2.3 Let g = f or f and j € Z. For any algebraic extension L/Q contained
in Qs and ' € A, the F-twisted fine Selmer group of A,(j) over L is defined
as Selo (Ag(j)r/L). Similarly, we define the F-twisted “-fine Selmer group of
Ag(j) over L to be Selg (Ag(j)rlw®]/L).

Let M be a finitely generated A-module, then there exists a pseudo-isomorphism
s tuj p
~ AC o st
M~ANoPa/oo@PPar,
i=1 j=11t=1
where a,s,t > 0, o;, Bj ¢ > 1 are integers, F;’s are mutually coprime irreducible

distinguished polynomials in A. Also, the pseudo-isomorphism is unique up to rear-
rangements of the direct summands. We write

M(w™>) = @A/w“",

i=1

@ Springer



Control theorems for fine Selmer groups, and duality of...

and define the p-invariant of M to be Y ;_, e;. Given an irreducible distinguished
polynomial F € A, we write

Zil A/F]'.g""{ if F = F; for some j,

otherwise.

M(F®) = {o

The following hypothesis will be used whenever necessary throughout the article.
Hypothesis (H-base): For all primes v|N, H® (Q,, A4(j) ®o A/F) is finite for
(g,j, F) = (f,i, F) and (?, k — i, F'), where F is an irreducible distinguished
polynomial in A.

The following stronger hypothesis, which we call (H-cyc), implies (H-baser)
for any F. Hypothesis (H-cyc): For all primes v of Qcyc that divide N, we have
H° (Qcye,v. Ag(j)) is finite for both (g, j) = (f,i) and (f, k —i).

Indeed, the above assertion follows from the observation that

H (Qy, Ag(j) ®0 A/F) € H® (Qeye,v, Ag(j) ®0 A/F)
= HO (@cyc,va Ag(])) ®o A/F.

This stronger hypothesis (H-cyc) is verified for certain explicit examples in §5.

3 Control theorems

In this section, we prove two control theorems required for the proof of our theorems.
We fix an irreducible distinguished polynomial F and an integer m > 1.

3.1 First control theorem
Here, we prove a control theorem that allows us to go between the @ ¢-fine Selmer
groups of Ag(j) and the @ ¢-torsion subgroup of the fine Selmer group of Ag(j).

Let G be a profinite group and M an O-module equipped with a continuous G-
action. The short exact sequence

0—> M[w] — M5 M — 0
induces the following short exact sequence in Galois cohomology for j > 1,
0— H'™'(G, M) jo* — H! (G, M[w‘]) — H' (G, M) [w‘] — 0, (3.1)

which is a crucial ingredient in proving the first control theorem. We also need the
following lemma.
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Lemma 3.1 Let e > 1 be an integer. Let N be a cofinitely generated O-module. Then
IN /@w€| is bounded independently of e.

Proof Recall that K /Q, is a finite extension with ring of integers O. We first write
N ~ (K/O)® & Ngnie,  where dy > 0.

Since K /O is divisible, it follows that (K /@)% /a@r¢ = 0. Therefore, we only need
to study the finite part. Note that

t
Nfinite >~ @O/wni witht <d,n; > 1.

i=1

Therefore,
(O/a™) jae ~ | O/ Tezm,
O/w*¢ ife <n;.
In either case, we have that |(O/@ ™) /w¢| < q". The result follows. O

We now prove our first control theorem (see Theorem A).

Theorem 3.2 Let e > 1 be fixed integers and M a cofinitely generated O-module
equipped with a continuous Gs(Q)-action. Let F be a subfield of Qcyc. Then the
natural map

r: Selg (M[w@*]/F) —> Selo (M /F) [w°]
has finite kernel and cokernel with order bounded independently of e.

Proof We have the following commutative diagram with exact rows

0 —— Selg (M[°]/F) — H' (G5 (F), M[o*]) —— P H'(F. M[*])
veS(F)

r h J{y=®yu

0 ——= Sely (M/F) [] —= H' (G5 (F). M) [0] —= P H' (F. M) [o°],
veES(F)

where & (resp. y,) arises from the short exact sequence (3.1) with j = 1 and G =
Gs (F) (or G = Gal (TU /.7-",,)). These maps are surjective, and we have

kerh = M9F /€ and kery = @ MOFs Jor€.
veS(F)
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Note that

H® (G, M) |w*

=i (0 6.0), |

which is finite and independent of e. Furthermore, all primes of Q are finitely decom-
posed in Qcyc. Therefore, both ker # and ker y are finite and bounded independently
of e. The result follows from the snake lemma. O

3.2 Second control theorem

We now prove a control theorem which allows us to go between fine Selmer groups
over Qcyc and L,,. We begin by proving several preliminary lemmas.

Lemma3.3 Let M = Ay (i)pm or Ag(k — i) pun. The group H® (Q (1p<) , M) is
finite.

Proof We only consider the case M = A (i) = since the other case can be proved
similarly. By definition, we have

M=Af®o (AF™)().

As the Galois group GQ/)(M,)OO) acts trivially on (A/F™)(i), we have

HO(Qp (1p=) M) = H* (Q (1p) . Af) ®0 (A/F™)(0).

Therefore, it suffices to show that HO(Q p(p), Ay) is finite. By local Tate duality,
we have

HO (@) (1) . Ap) " = HRy (Qp (=) s T700) = tim B2 (Q (1) T7(K) )

Recall that we have assumed p 1 N. Thus, by [9, Theorem 12.5(3)] we know that the
localization of HIZW (Q p (u poc) , TT(k)) at a height-one prime that does not contain
p is zero. In particular, as A-modules, we have a pseudo-isomorphism

H(Qp (p=), Ap)" ~ P A/
i=1

~

for some integers s,co; > 0. But Ay = (K/(’))692 as an (O-module. Thus,
HO (Q,, (/LPOO) , Af)v is an O-module of rank at most 2. This forces «o; = 0 for
all i. In particular, H® (Q, (up~) . Ay) is a pseudo-null A-module as required. O

Remark 3.4 Note that
HY (Qeye, M) C H° (Qp (mp) . M).

Therefore, H® (Qcyc, M) is also finite.
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Lemma 3.5 Hypothesis (H-baser) implies that both H° (Qv, Af(i)pm) and H°
(QU, Ak — i) F,.m) are finite for all v|N.

Proof When m = 1, this is clear. Suppose that m > 1, the short exact sequence
0— FA/F" — A/F" — A/F — 0

gives rise to the following short exact sequence

0 —> Ap() ot 25 Ap(i)pm —> As(i)p —> 0.

The left most injectivity follows from the O-freeness of A/F. From this, we obtain
the long exact sequence

0— H(Qu, Af(@)pm1) —> H®(Qu, Ap(i)pm) — H® (Qu, Af(i)p) —> ...

Therefore, the lemma follows from induction. O

Lemma 3.6 Let M be a cofinitely generated O-module equipped with a continuous
action of Gs(Q). Let F be either Q or Qq, where £ is a prime number dividing pN.
Suppose that Fo | F is the cyclotomic Z,-extension of F and JF, is the intermediate
subfield of Foo with [F,, : F] = p". Write G, = Gal (Foo/Fy) and M(Fs) =
H(Foso, M).

(i) Let e > 1 be a fixed integer. Then HY (G, M[o°1(Fs)) is finite and bounded as
n varies.

(ii) Suppose that Ay(i)pm or A7(i)pt.m and that (H-baser) holds. Then H'
(Go, M(Fwo)) is finite.

Proof With our notation, o = F and Gg = Gal(Fo/F).
(1) As M[ew €] is finite, M[@°](Fso) is also finite. Since G, is pro-cyclic, we have
H' (Gp, M[@°] (Foo)) = Ho (G, MIor€1(Frv)) -
This is finite and bounded by the order of M[@ °](F), which is independent of

n, as required.
(i1) Consider the exact sequence

0 — HGo, M(Fu)) —> M(Foc) L= M(Foe) — Ho(Go, M(Foo)) —> 0,

where y is a topological generator of Gg. Since HY (Go, M (Fs)) = HO (F, M)
is finite by Lemmas 3.3 and 3.5, we have

M (Foo)aiy € (v — DM (Feo) -
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Thus, H' (Go, M (Feo)) = Ho (Go, M (Foo)) is bounded by M (Foo) / M (Foo)div»
which is finite. This concludes the proof.

We can now prove our second control theorem (see Theorem B).

Theorem 3.7 Let M be a cofinitely generated O-module equipped with a continuous
action of Gs(Q). Let n > 0 be an integer.

(1) Let e > 1 be an integer. Then the kernel and cokernel of the restriction map
e e ri’l
rn 2 Selg (M[@°]/Ln) —> Sely (M[w¢]/Qcye)
are finite and bounded independently of n.
(ii) Let F be a fixed irreducible distinguished polynomial and m > 1 an integer.

Suppose that M = A ¢ (i) pm or A?(k — i) fum and that (H-baser ) holds. Then,
the kernel and cokernel of the restriction map

r: Selp (M/Q) — Sely (M/Qcyc)r

are finite.

Proof Let M = M or M[w*]. Consider the diagram

0 —— Selg (M/L,) H' (G5 (Ly), M) Brescry H' (Lnv, M)

I X n

0 Sely (M/uye)"" —— H' (G5 (@) M) > B H' (@ M)

The vertical maps %, and y, are the natural restriction maps. These induce the left
vertical map. By inflation-restriction, first observe that both %,, and y, are surjective
since I" has p-cohomological dimension 1. By the inflation-restriction exact sequence,
we know that

kerh, = H' (Fna M(@cyc)) and kery, = @ H' (Fn,v’ M(Qcyc,v)) )
v

where Iy, , = Gal(Qcyc,v/Qn,v). Therefore, in the setting of (i), by Lemma 3.6(i) both
ker h,, and ker y;, are finite and bounded independently of n. In the setting of (ii), by
Lemma 3.6(ii) both ker o and ker y; are finite. The result follows by an application
of the snake lemma. O

Remark 3.8 Part (ii) of Theorem B is utilized in the proof of Theorem C(i), whereas
part (i) is employed to prove Theorem C(ii). Note that we do not require the twist by
A/F™ (or A/F"") when we apply part (i) in the proof of Theorem C(ii).
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4 Proof of Theorem C

We review the criteria to establish a pseudo-isomorphism between two cofinitely gen-
erated A-modules developed by Greenberg.

Proposition 4.1 Let U and V be two finitely generated torsion A-modules.

(1) Let F € A beanirreducible distinguished polynomial. Then for all integersm > 0,
corankz,, ((UV)F,,,)F = corankz, ((VV)Fm)r if and only if U(F®) = V (F®).

(2) For every integer e > 0, the quotient }(U/we)rn / |(V/we)rn
varies if and only if U(aw®®) = V(™).

is bounded as n

Proof This result is essentially due to Greenberg [7]. The proofs follow from the
arguments given in Lemmas 2.1, 2.2 and Proposition 2.3 in [1, §2.1]. |

For our purposes, the proposition will be applied to U = Sely (Af @/ Qcyc)v and
Vi,
V = Selo (A7(k ) /Qcyc) .

Let us first introduce some notation. Let e be a fixed positive integer. Let M denote
either A7 (i) pm[w®] or Ay(i)[w®], both of which are finite Galois modules of p-
power order. The Cartier dual M := Hom(M, Mpoe) is A7(k — i) pum [ €] (resp.
AT(k —1)[w¢]). We check this for M = A 7 (i)[=¢] (checking the claim for the other
module is similar):

(Aol = (Ar) jor¢
= T7(k —i)/w*
= A7(k — D[@°].

Let C be either Q or L. For j = 1, 2, we define the maps

W Y (Gs (). M) — @D HY (K. M)

ves
WD (GS(K),MT) — G?Hj (KU,MT).
ve

Set

K; = K;(M) = ker (A(AQ) . Kl =KjMY) =ker (A(Afj) :

Gj=G;M) =Tmage (1Y), G} =G;(M") =Tmage (1))

We note that K (resp. K f) is the fine Selmer group of M (resp. MT) over K.
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Lemma 4.2 We have the equality

)
1| _ 1G] xgon (K, M)
K1l |HO(Gs(K), M)| - |Gal’

Proof By global duality (see [19, Theorem 3.1(a)]), we have

|H? (Gs(K), M)|
|G2|

k]| = 1K2l =
The global Euler characteristic formula states that

2 1\
e (€. M) = [ |17 G500 00|
i=0

This allows us to deduce
|H! (Gs(K), M)| - Xglob(M)
|HO (Gs(K), M)| - |G|

_ K1l 1G] Xglob(M)
|HO (Gs(K), M)| -G,

=
1] =

as required. O

Proof of Theorem C(i) Fix an integer m > 1 and take M = A7 (i) pn[w¢] and
K = Q. We work under the hypotheses (H-baser).

Lemma 4.3 With the notation of Lemma 4.2,

s
1]
m ~e |Image (QF,m,e)’ * Xglob (Q, M) .
Proof By Lemma 3.3, we know that |H0 (Gs(K), /\/l)| ~, 1 since
H® (Gs(@), M) C H (G5(Qcye), Af) @0 A/F™ (i)

To bound |G3,|, it is enough to observe that

G2 C P H> @ M =@ H (T M)

veS vesS

where the isomorphism is the local Tate duality. But
HO (Qv, MT) c HO (Qv, Az (k — i)Fl,m) ,
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which is finite for all v by Lemmas 3.3 and 3.5. Therefore, |G2| ~, 1.
It remains to compare |G| with |Image (QF,m,e) | Here, 6F .. 1s the composition

(§Y]
H' (Gs@, M) 24 @ H' (@, M) — H' (@), M),

ves

where the last arrow is given by the projection map. Therefore, it is enough to bound
H' (Q,, M) for v|N. Since M is a p-group, the local Euler characteristic formula
gives

H' (@, M)| = [H @u, M| |H2 @0, M)|

< |0 (@u, Ap@yem)| |[HO (Qu. Atk = i)pun )

’

which is bounded independently of ¢ by Lemma 3.5 under (H-base ). The result now
follows. =

Recall from Proposition 4.1(1) that we need to show

) r . r
corankz,, Sely (Af @) Fm/ Qcyc) = corankz,, Selo <A7(k — 1) pum /Qcyc)

is equivalent to Image(6r ;n.e) ~e queg(F "), By the second control theorem (see
Theorem B(ii)) this is equivalent to show

corankz,, Sely (A s (i) pn /Q) = corankz, Selg (A7(k - i)FL,m/Q)

is equivalent to Image(0F jm.c) ~e g€ dee(F ") 1t follows from the Structure Theorem
of cofinitely generated O-modules that

selo (A7(k = D) pn Q) (o]

|Selo (A ¢ (i) pm/Q) [ ]| ~e

is equivalent to Image (0 n.¢) ~. e ™). On applying Theorem A (with n = 0
and e varying), it is enough to show that

|Selo (A () pr[@€1/Q)| ~e

Selg (A?(k — i) pon[°] /Q)’ @.1)
is equivalent to Image(OF ) ~¢ gq¢deeF ") Since Q is a totally real field, the global
Euler characteristic formula tells us that

1 _ 1
}M—| - qedeg(Fm)’

Xglob (Q, M) =
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where M~ denotes the —1-eigensubspace of the complex conjugation in M. On
combining this with Lemma 4.3, we deduce (4.1), as required. This concludes the
proof of Theorem C(i). O

4.1 Proof of Theorem C(ii)

Fix an integer e > 1, set M = A;(i)[w®], and K = L,,. We have the following
analog of Lemma 4.3.

Lemma 4.4 With the notation of Lemma 4.2,
T
i

—|K1| ’\/"[ |Image(9n’e)} . Xglob(Ln, M),

Proof By Lemma 3.3, we know that |H0 (Gs(K), ./\/l)| ~, 1 since

H® (Gs(Ly), M) € H® (G5(Qcye), Af(i)).

To bound |G|, observe that

G2 @ HLun M= P HO(LM,/\/t*)v

veS(Ly) veS(Ly)

by local Tate duality. But H° (L, ,, M") has at most ¢** elements and the number of
primes above S are bounded as n varies. Therefore, |G2| ~, 1.
It remains to compare |G| with |Image (9,1,6) | Note that 6, . is the composition

(D
H' Gs(F), M) 2 @) H (Lyys M) —> H (Lo p, M),
veS(Ly)

where the last arrow is given by the projection map. Since M is a p-group, for v { p,
the local Euler characteristic formula gives

‘H‘ (L. M)‘ - )HO (L,“,,M)’ ‘Hz (Lo, M)‘
e 0] 1),

which is bounded independently of g*¢. Therefore, the result follows. O

Recall from Proposition 4.1(2) that we need to show

~
n

[(Selo (A7) /Qeye) L)) ™

(Selo (A7(k = )/Quye) [wf])r"’
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if and only if Image(9,1,6)| ~n q°". In view of Theorem A (with F = Qcyc) and
Theorem B(i)), this amounts to showing

|Selo (A ¢ ()[@€1/Ln)| ~n , 4.2)

Sely <A7(k — i)[we]/Ln>

if and only if |Image(0n,e)| ~n q°" . The global Euler characteristic formula tells us
that

1 1
Xelob (L, M) = W = qe7

since L, is a totally real field. Therefore, from Lemma 4.4 we deduce that (4.2) holds
if and only if the required growth condition is satisfied. This concludes the proof of
Theorem C(ii). O

5 Computing invariants of local Galois representations

We write
Pf: GQ — GLz(K),

for the representation realized by V. Recall that we are using the geometric normaliza-
tion, so that the determinant of p s is given by e[l,_k ™!, where € p is the p-cyclotomic
character, and w is the nebentypus character of f of conductor M. We will write
pofi = eé, ® py for the i-th Tate twist of p¢.

For any rational prime ¢, write Q, for the completion of Q at £, and write Q}° for
the cyclotomic Z,-extension of Q¢ (which we may identify with Qcyc,, where v is
a place of Qcyc lying above £). We denote by G¢ and G7° their respective absolute
Galois groups. In this section, we explain how to verify (in some simple cases) the
following condition: (H-cyc’) For all primes ¢|N, we have H 0 (@2", P, j) = 0 for
both (g, j) = (f,i) and (f, k —i).

Note that (H-cyc’) is equivalent to (H-cyc) (since a nontrivial subspace in the K -
vector space H(Q%°, p,, ;) gives an infinite divisible group inside H? (Q%°, A,4(j)),
and vice versa). The purpose of this section is to show that (H-cyc) is not too strong a
hypothesis.

When referring to this hypothesis, we will often just refer to the pair (f, i), which
then determines the other pair (?, k—1).

Rather than give a complete study of (H-cyc’), we seek only to illustrate that it
does hold quite often, and that in some situations it can be verified easily. To this
end, we make the additional simplifying assumptions that f is a newform and that
N is square-free. (These assumptions simplify the classification of the local Galois
representations pr |G, via the local Langlands correspondence by eliminating the
possibility of supercuspidal representations.)

Let ¢ denote the Euler totient function. We aim to prove the following result.
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Theorem 5.1 Let p be an odd prime and N be a square-free integer coprime to p.
Let f € Sx(To(N), w) be a newform with nebentypus character w of conductor M.
Let 0 < i < k be an integer. For a rational prime £, let my denote the order of £ in
(Z]pZ)*. Suppose that for each £|N the following holds:

(i) £€#1 mod p,
(i) if £|M, then m, does not divide (1 — k + i) or (1 — i), and
(iii) ifﬂl%, then gcd(my, ¢ (M)) = 1 and my does not divide k or (k — 2).

Then (H-cyc’) is satisfied.

Proof Under these assumptions, the fact that H° (Q7°, py,i) = 0and HO Q7. pff’kii)
= 0 for each ¢|N follows from Propositions 5.6 and 5.7 below. O

Remark 5.2 If ¢ has large order in (Z/pZ)* and p > 3Mk, then all three conditions
will be met (except for possibly when k = 2 or i = 1). In fact, since the value of
my is related to the splitting behavior of £ in Q(u ), the Chebotarev density theorem
implies that a positive density of primes p can be used.

Remark 5.3 We emphasize that Theorem 5.1 only gives sufficient conditions for (H-
cyc’) to hold. We certainly do not expect all of the assumptions herein, especially
the square-free level hypothesis, to be necessary. In any case, examples which can be
verified using Theorem 5.1 abound, and we write down a few concrete examples at the
end. It is easy to find many more using a computer algebra system such as SageMath
[18].

5.1 A note on the cyclotomic character over Q7°

Fix an odd prime p and a prime ¢ # p. We are interested in the absolute Galois
group of the field Q7°, which is the cyclotomic Z,-extension of Q. Let us make the
following elementary observation.

Lemma5.4 If¢ #1 mod p, then Q7° contains no p-power roots of unity.

Proof Since ¢ # p, the extension Q;°/Qy is unramified, so the corresponding residue
fieldis F = (J,~ F;». Again since £ # p, the p-power roots of unity in Q7° map
isomorphically onto the p-power roots of unity in F under the natural reduction map.
But for each n, the only roots of unity inIF,,» have order dividing ¢7" —1. By Fermat’s
little theorem, £7" = ¢ mod p, so our assumption that £ 1 mod p ensures that p
does not divide 7" — 1 for any n, which completes the proof. O

An immediate corollary is that €p|Gg° is nontrivial, but since €, does become
trivial over Qg (1 peo), we see that €, |G§;C has finite order. More precisely, we have the
following lemma.

Lemma 5.5 Let my denote the order of £ in (Z/pZ)*. The restriction 6p|G?0 of the
p-cyclotomic character to Q}° has order my. ’
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Proof From the construction of the cyclotomic Z ,-extension Q7 and the fact that it
is unramified over Qy, we see that

[Qe(upe): QP = [Fe(up): Fel =my.

Since €, generates Gal(Qg (11 p0)/Q7°), this completes the proof. O

In the sections that follow, we will write /, for the inertia group inside G,. For
F/Qg a local field with absolute Galois group G, we will often view a character
x: Grp — K* as acharacter x: F* — K* via the dense injection F* < G of
local class field theory.

5.2 Local descriptions of Galois representations

To check (H-cyc’), it is necessary to understand the restriction of p to the decom-
position group Gy C Ggq for each prime ¢|N. (Note that since p t N, we always
have ¢ # p.) The local Langlands correspondence for n = 2 allows us to determine
these restrictions explicitly. We will work entirely on the Galois side and make little
mention of the automorphic story. Nevertheless, it is the classification on the automor-
phic side which permits the explicit descriptions of our local Galois representations.
The standard reference for this material is Diamond—Im [6, §11], and a nicely-written
modern treatment can be found in Loeffler—Weinstein [13], but note that both of these
references use the arithmetic normalization (i.e., the Hodge-Tate weights of Vy are 0
and k£ — 1). The geometric normalization that we are using is also used in a paper of
Weston [20, §5].

5.2.1 Afew notes on our strategy

We will use two facts to simplify our computations. First, we will consider the base
change of each local representation to the algebraic closure K or Ep forp | p aprime
of K above p, since the existence of eigenvectors for p s with K -rational eigenvalues
is invariant under base change. (Base-change also preserves principal series and twist
of Steinberg representations.)

Second, it suffices to study the semisimplification of each local representation,
since

dimg HY(G®, py) < dimg HY(G, p}). (5.1

Recall that f is of square-free level N, with nebentypus character w of modulus
M. Our computations are divided into two cases, depending on whether £|M or ¢| %

5.2.2 Case £{|M

Suppose £| M, so that the nebentypus character w is ramified at £. In this case, the local
representation corresponds to a principal series representation 7 ()1, x2) associated to
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two continuous characters x; : Gy — K, where x; is ramified and x» is unramified.
The semisimplification of the associated Galois representation then satisfies

Prlg, ® K~ x1 @ xo. (5.2)

Proposition5.6 Let f € Si(I'1(N), w) be a newform of square-free level, let my
denote the order of €in (Z/ pZ)*. Suppose £ # 1 mod p and £|M. Ifmg t (1—k+1i),
then H*(Q%, py.i) = 0.

Proof By (5.1) and (5.2), it suffices to check whether ¢ ;, x1ande ;', X2 are both nontrivial
over QF°.

Let us first consider the case i = 0. In light of (5.2), upon taking the determinant
of ps we have the identity

1—

ko —1
xixelge =€ "o |ge.

Since yj is ramified and x» is unramified, we must have
1—k
xelge =€, g,

so by Lemma 5.5, this is nontrivial provided m, 1 1 — k.
Similarly, since both yx; and w are ramified, we must have

-1
X]|]g =w |[g

is nontrivial. Since Q7°/Qy is unramified, we have y; | is nontrivial as desired.

Now suppose we twist x1 and x2 by e;,. Since x is ramified and €, is unramified,
their product is nontrivial no matter the value of i. On the other hand,

j 1—k+i
epx2lee =€, g,
so this is nontrivial provided m, does not divide 1 — k +i. O
N
5.2.3 Case {|y;

Recall that @ has conductor M. Now suppose £| % so that w is unramified at £ and
the local representation corresponds to a special (twist of Steinberg) representation.
This translates on the Galois side to

— € *
prlo, ® Kp = ( r X) (5.3)

where x : Gy — K™ is an unramified character.
We point out that the following result depends only on the weight of the modular
form and not on the specific twist.
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Proposition 5.7 Let f € Si(I'1(N), w) be newform of square-free level. Suppose
£ # 1 mod p, and let my denote the order of £ in (Z/pZ)*. Ifﬂl%, assume that
ged(me, ¢(M)) = 1 and my t k(k — 2). Then H*(Q%°, py ;) = 0.

Proof Just as in the proof of Proposition 5.6, it suffices to show that neither ejj‘l X or
e; X 1s trivial when restricted to G‘go. Note that by Lemma 5.5, at most one of these

characters can be trivial. Assume that one of them is, and suppose e,j, X 1is nontrivial
where {j, j'} = {i, i + 1}. Upon restricting to G%°, the determinant then gives us

j 1—k
epxlare =€, "wlgx.

On the other hand, our assumption that 61]7 X |G?° is trivial implies x |G§° = e;] |G;°»
so combining these yields

1—k—j+j' t
l=¢), wl|gx = €,0[g,

fort € {—k,2—k}. Since gcd(my, ¢ (M)) = 1, thisimplies w|G;o = landei,l(;zo =1.
But this is only possible if m; |t by Lemma 5.5. O

5.3 Examples

In this final section, we give a few explicit examples of the application of Theorem
5.1. These examples were all found using SageMath [18].

Example 5.8 Let f be the newform of weight 2 and level 13 whose Fourier coefficients
live in Q(+/—3), and whose g-expansion begins
f=a+1=800" + (=2 +260)q° + toq™* + (1 = 266)g° + - -,

where g is a primitive 6-th root of unity. In particular, f and f are distinct. The
nebentypus character of f has conductor 13, so condition (iii) of Proposition 5.1 is
irrelevant. Thus, (f, i) and (f, k — i) satisfy (H-cyc’) if one chooses a prime p such
that

(1) p>5,sothat 13 # 1 mod p,
(2) the order of 13 in (Z/pZ)* does not divide (1 — i)

For instance, this happens for p = 5andi % 1 mod 4, and for p = 7 withi = 0
mod 2.

Example 5.9 Let f be the unique newform of weight 4 and level 11, with g-expansion
beginning

f=a+0+Bg" + (1 -4B)g> + (4 +28)q" + (1 +88)¢” + - -+,
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where B = +/3. This form has trivial nebentypus, so condition (ii) of Proposition 5.1
is irrelevant, and ¢ (M) = 1, so it is only necessary to pick p > 5, p # 11 such that
m11 14, and then any twist / can be chosen.

Since 11* = 14641, one can quickly check using Sage that the only primes for
which the hypotheses of Theorem 5.1 are not satisfied are 2, 3, 5, 11, and 61.

Example 5.10 Let f be the newform of weight 4 and level 10 with nontrivial neben-
typus character o of conductor 5 with g-expansion that begins

f=a+20q’ =2tq —¢*+ (=5 -100)¢" + -

The Fourier coefficients live in Q(+/—1), and we have written ¢ = +/—1 to avoid a
conflict of notation. Since M = 5 and % = 2, all three conditions of Proposition 5.1
must be checked. One finds, for instance, that (f,i) and (f, k — i) satisfy (H-cyc’)
for p =7 whenever 6 t (i —3)(1 —i).
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